BUNDLES OF GENERALIZED THETA FUNCTIONS OVER 

ABELIAN SURFACES 



DRAGOS OPREA 

Abstract. We study the bundles of generalized theta functions constructed from 
moduli spaces of sheaves over abelian surfaces. The splitting type of these bundles 
is conjecturally expressed in terms of a new class of semihomogeneous bundles. The 
conjecture is confirmed in degree zero. Fourier-Mukai symmetries of the Verlinde bun- 
dles are found, consistently with strange duality. A version of level 1 strange duality 
is established. 
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1. Introduction 

1.1. Overview. This paper is a sequel to [MO], and in some sense to [Po], and relies on 
the techniques of |01j and [Q2j . The general theme is the analogy between the strange 
duality proposal for curves and abelian surfaces. Our main results are: 

(i) we discuss how theta bundles over moduli of sheaves on abelian surfaces depend 
on the reference sheaf, analogously to the case of curves considered in |DN]; 

(ii) we recast the strange duality conjecture in terms of Fourier-Mukai transforms 
and Verlinde bundles, as in [PoJ; 

(iii) we introduce a new class of semihomogeneous vector bundles, relevant to the 
study of the Verlinde bundles; 

(iv) we formulate conjectures about the splitting type of the Verlinde bundles; 
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(v) we confirm our conjectures in degree 0. In particular, we determine the action of 
torsion points on the space of generalized theta functions; 

(vi) we prove a version of the "level 1 " strange duality isomorphism for abelian sur- 
faces. 

We now detail the discussion. 

1.2. Moduli of sheaves and their Albanese maps. To set the stage, consider a 
complex polarized abelian surface (A, H), and fix the Mukai type v of sheaves over A. 
The following assumptions will be made throughout: 

(A.l) the Picard rank of A is 1; 

(A. 2) the vector v is primitive, and furthermore the Mukai self pairing 

d v = -(v,v) 

is an odd positive integer. 
Three moduli spaces of Gieseker .ff-semistable sheaves over A may be considered: 

(i) the moduli space of sheaves with fixed determinant; 

(ii) the space 9JT~ of sheaves with fixed determinant of their Fourier-Mukai; 

(iii) the moduli space DJl v of sheaves with arbitrary determinant and arbitrary deter- 
minant of their Fourier-Mukai. 

These moduli spaces come equipped with morphisms to their Albanese varieties: 

(i) the morphism taking sheaves to the determinants of their Fourier-Mukai 

q+ : -> A; 

(ii) the morphism taking sheaves to their determinants 

oT : S0t~ ->■ A; 

(iii) the product morphism of (i) and (ii) 

a = ( a +, a") : Wl v -> A x A. 

The common fibers over the origin of the three morphisms will be denoted by K v . It is 
known that K v is a holomorphic symplectic manifold of dimension 2d v — 2, deformation 
equivalent to the generalized Kummer variety of the same dimension [Yl]. 
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1.3. Theta bundles. We consider the natural theta line bundles over these moduli 
spaces. Assume that w is a primitive Mukai vector orthogonal to v in the sense that in 
-ftT-theory we have 

X(v -w) = 0. 

Pick a representative F — > A of the Mukai vector w, and construct the Fourier-Mukai 
transform of F with kernel the universal sheaf 8 — > DJl v x A0 

e w = detRj9i(£ ® L q*F)~ 1 . 

Generalized theta functions are sections of O^, over any of the four moduli spaces K v , 
Wly, Tl~ and Wl v considered above. 

1.4. Relating different theta bundles. The notation Q w 9Jl v is slightly imprecise, 
since in our context the bundles Qf do depend on the choice of representative F. For 
the purposes of the introduction, this ambiguity will be ignored^. The following result, 
paralleling the Drezet-Narasimhan theorem for bundles over curves [DN], controls this 
imprecision: 

Theorem 1. For two sheaves F\ and F2 of the same Mukai vector orthogonal to v we 
have 

Fl = 6 f2 ®((-l)oa + )* (detFi (8detF 2 - 1 )®((-l) oa")* (det RS(Fi) <g> det R5(F 2 )" 1 ) 
Here 

R5 : D(A) D(l) 
denotes the Fourier-Mukai transform. 

1.5. Verlinde numbers. The holomorphic Euler characteristics of the bundles @ w are 
calculated in |MU| . For instance, 

(i) x ( Kvi e w ) = 7 £ r ( d ° + d * 

In order to use these numerics, we will assume that 
(A. 3) @ w carries no higher cohomology over K v %. 

This is indeed the case if the slope of w is sufficiently positive |LP| . The sharp statement 
is not known and seems to be subtle. 



■*"or by descent from the Quot scheme in the absence of the universal sheaf 

2 we refer the reader to Convention [1] for the precise conventions on theta bundles 

^and similarly for <d v — > K w when this line bundle enters the discussion 
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1.6. Bundles of generalized theta functions. When assumptions (Al) — (A3) are 
satisfied, we push forward Q w via the morphisms a + ,a~ and a. The resulting bundles 
of generalized theta functions encode dependence on the determinant and determinant 
of the Fourier-Mukai. We obtain in this fashion three Verlinde bundles 

E + (v, w), B~(v, w), andE(t;,w) 

over A, A and A x A respectively. Throughout this introduction, we consider only the 
most intersting case, the bundle 

E(v,w) = a*Q w 

over the abelian four-fold A x A. Note that by ([I]), its rank equals 

dl fd v + d n 
d v -\- d w y d v 

In the context of curves, the analogous bundles were introduced and studied in [PoJ, 
and were further analyzed in [01], [02] . 

Here, we formulate conjectures about the Verlinde bundles for abelian surfaces, and 
prove them in several general cases. 



1.7. Semihomogeneous bundles. Assume (A, O) is a principally polarized surface 
such that is symmetric 

(-i)*e = e. 

We showed in [02], in the context of a calculation for curves, that for any pair of coprime 
odd integers (a, b) there exists a unique symmetric semihomogeneous bundle W ai 6 over 
A such that 

rank W ai6 = a 2 and det W aj6 = O ab . 

Recall that semihomogeneity is the requirement that all translations of W aj 6 by x 6 A 
are of the form 

t* x W a>b = W a>b ® y 

for some line bundle y over A. 

We may also consider semihomogeneous bundles over the dual abelian variety (^4, — O), 
where — O is the dual polarization. We will use the notation b for the corresponding 
bundles of rank a 2 and determinant Q ab . 

A more general class of semihomogeneous vector bundles 

W(P) -+AxA, 



4 0ur results also hold for non principal polarizations. We focus on principal polarizations to keep the 
numerics simple. 
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depending on a triple P of rational numbers, will be introduced and studied in Section 
[3j For instance, for a triple written in lowest terms 

where (a, c) are odd and coprime and h G Z, we have 

W(P) = W aj6 M d (g) V h . 

Here P is the normalized Poincare bundle over Ax A. For general triples P, the bundles 
W(P) do not admit such simple expressions. 

1.8. Action of torsion points on generalized theta functions. We will now con- 
sider the case c\(v) = i.e. 

v = (r,0,x), 

with r and x °dd coprime integers, cf. (A. 2). The dual vector w must have the form 

w = (rh, kQ, ~xh) 

for some integers h and k. 

We consider the action of (x, y) G A x A on the moduli space of sheaves 9Jt v given by 

(x,y) :E^t*E®y. 

The action leaves K v invariant provided x x = 0, ry = 0. Let us write 

gcd(x,/c) = a, gcd(r,/c) = b. 

If the stronger condition 

ax = 0, by = 

is satisfied, the action lifts to the line bundle Q w — >• IT,,. We will assume this is the case. 
We show 

Theorem 2. If C = { x i V) h as order 5, then the trace of £ on i/ie space of generalized 
theta functions equals 

rp TTo ri s n \ \ d l fd v /5 + d w /6^ 

Trace (C,H u {K v ,e w )) - 



d v + d w \ d v /5 

We believe the Theorem should hold for arbitrary ci(t>), possibly under weaker as- 
sumptions than (A. 3), but we are unable to prove these statements. 
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1.9. Explicit expressions for the Verlinde bundles. Still under the assumption of 
Subsection 11.81 we obtain an explicit expression for the Verlinde bundles. The situation 
is easily understood when 

(r,k) = ( X ,k) = l. 

Then 

E(«, w) = (W_ x>fe M Wt _ fc ) ® V- h . 
This much can easily be derived from the representation theory of Heisenberg groups. 

The difficulty of the calculation lies however in the case when the integers k and r\ 
are not coprime. Representation theory only gives ~Ei(v,w) up to torsion line bundles 
over A x A of orders dividing (a, b). We will prove the following: 

Theorem 3. We have 



E(v, w) = ( W x ^W[_J® V~ h <g> © t 

\ a ' a b' b J 7^ 



C 

The sum is taken over line bundles C over A x A of orders dividing (a, b). A line bundle 
C of order exactly lo comes with multiplicity 



m, 



1 ^ 5 4 \ ab/uj\ fd v /5 + d w /8 



d v + d w f-i (ab) 2 \ 8 j\ d v /S 

o\ab 



The line bundles I — > A x A in the sum are roots of £ of order §) • For each only 
one such root t is chosen. 

The Jordan totient appearing above is defined in terms of prime factorization. Specif- 
ically for any integer h > 2, we decompose 

h=pT---Pn n 

into powers of primes. We set 

A ] f if Pi 11 ■ ■ ■ p^' l_1 does not divide A, 



where 



h J 1 n™=i ( e i ~ ~z ) otherwise , 



1 ifpTW 



di I 

I otherwise. 

The symbol is set to 1 if h = 1. 

A description of the Verlinde bundles in arbitrary generality is proposed in Conjecture 
[2] of Section^ The semihomogeneous bundles W(P) of Section [3] enter the conjectured 
expression. 
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1.10. Fourier-Mukai symmetries. We furthermore prove several symmetries of the 
Verlinde bundles E(f , w) over the abelian four-fold Ax A. We show 

Theorem 4. Assuming that c\{v) and c\(w) are divisible by their ranks r and r' , we 
have 

(2) E(v,w) v ^E{w^v). 

The isomorphism (|2|) is obtained by direct comparison of both sides, using Theorem 
El The same result should be true for any vectors v and w satisfying (A.l) — (A. 3), and 
in fact, it is implied by Conjecture El 

1.11. Strange duality. The above symmetry of the Verlinde bundles is related to the 
strange duality conjecture. This was observed in the case of curves by Popa |Po] , 

Considering the fibers of ([2]) over the origin, we obtain isomorphic spaces 

(3) H°(K V ,Q W ) V ^H°(Tl w ,e v ). 

As stated, this is merely saying that the dimensions of both vector spaces agree. However, 
there is a geometrically induced map, called strange duality, which conjecturally yields 
the isomorphism above. Even stronger, various strange duality maps can be packaged 
into an explicit bundle morphism, constructed as a corollary of Theorem [1] 

(4) SD : E(v,w) v -> E(w^v). 

In many cases, SD should provide a geometric isomorphism of bundles, as predicted by 
Theorem 01 

1.12. Level 1 strange duality. The integers (d v ,d w ) should be thought of as the rank 
and the level in the theory of curves. 

Our study of the Verlinde bundles yields the following result, which we regard as the 
analogue of the level 1 strange duality on curves established in [BNRJ . We have: 

Theorem 5. If d v = 1 or d w = 1, the strange duality morphism 

SD : H°(K V , O w ) v H°(Wl w , G v ) 

is an isomorphism or zero. 



We believe that the results of this paper will be useful in establishing strange duality 
for abelian surfaces in greater generality. We will return to this question in future work. 
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1.13. Comparison to the case of curves. To end this introduction, let us remark 
that a similar picture emerges in the case of curves, cf. [Q2| . Indeed, let C be smooth 
of genus g, and consider the vectors 

v = r [Oc] , w = k [k] , 

for a symmetric Theta characteristic k. The bundles of rank r, level k generalized theta 
functions 

E rjfc = det* (ety ->■ Jac(C) 

can be obtained pushing forward the pluri-theta bundles Q w = 0^—7- Wl v via the 
determinant map 

det : m v -» Jac(C). 
The pushforwards E r ^ take the form 

a ' a V1X 

C 

The torsion line bundles ( have orders dividing a = gcd(r, k) and the multiplicities 
m^(r, k) of their ^-roots £ are explicit. Furthermore, the symmetry 

EV rsj T7 
r,fe = -kfc.r 

is a manifestation of strange duality. 

1.14. Outline. The paper is organized as follows. The next section discusses prelimi- 
nary results about theta bundles and their behavior under etale pullbacks; in particular 
Theorem [T] is proved there. The third section introduces and studies a new class of semi- 
homogeneous vector bundles relevant for strange duality; this section can also be read 
independently of the rest of the paper. Section 4 explains the conjectural expression of 
the Verlinde bundles. Level 1 strange duality is shown to hold. The fifth section contains 
the computation confirming Theorem [2j This is the main calculation of the paper, and 
Theorems [3] and U] follow from it. Finally, variants of these results are considered. 

1.15. Acknowledgements. The author was supported by the NSF through grant DMS 
1001486 and by a Hellman Fellowship. 

2. PRELIMINARIES ON THETA BUNDLES 

This section collects various observations about theta bundles. The main result here 
is Theorem [Tj which describes how the theta bundles vary with respect to the reference 
sheaf. Over curves, a similar statement was made in [DNJ, and proved by entirely 
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different methods. As a corollary of the theorem, we construct the strange duality map 
between the Verlinde bundles. 

2.1. Setup. Let (A,Q) be a principally polarized abelian surface, with symmetric. 
Throughout the paper, we will use the usual conventions on the Fourier-Mukai transform 

RS : T>(A) -»• D(l), RS(E) = Rp,(P <g> q*E), 

where V is the normalized Poincare bundle over Ax A. Dually, we consider the transform 

RS : D(l) -> 13(A). 

If E satisfies the index theorem, we often write E for the sheaf representing ~RS(E), up 
to shift. Furthermore, we make frequent use of the following identities [Ml] : 

RS(t* x E) = KS(E)®V- X , 

TLS(E®y) = t*TLS(E). 

We set 

= detRS(0), 

so that —0 is the polarization on the dual abelian variety A. Finally, we write 

$ : A^ A, 8 : .A ->■ A 

for the morphisms induced by and 0, so that 

$ o $ = -1, $ o $ = -1. 

Consider two orthogonal Mukai vectors 

v = ( r , kG, x), w = (r', k'Q, x'), 

satisfying assumptions (A. 2) and (A. 3). Central for our arguments is the following dia- 
gram [YT], [MO] : 

(5) K v xAxA z *%lv ■ 

p 

Ax A *■ Ax A 

We now explain the notation. The morphism 

r : K v x A x A -> Wt v 

is given by 

r{E,x,y) =t*E®y, 
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and the Albanese map a is defined as 

a(E) = (det RS(E) ® G" fc , det E <g> 6~ fe ' 



Recall that we write K v for the fiber of a over the origin. Lemma 4.3 of |Ylj identifies 
the horizontal morphism 

^(x, y) = (~xx + k$(y), k$(x) + ry). 
Lemma [T7] of the Appendix shows that ^ has degree df, . 

2.2. Properties of the theta bundles. As already mentioned, we prove the following 
analogue of the Drezet-Narashimhan theorem |DN| . originally conjectured in [MOJ: 

Theorem 1. If F\,F-2 are sheaves of the same Mukai vector orthogonal to v, then 

e Fl = 9 f2 ®((-l)oa + )* (detFi <g> (detF 2 ) v )<g)((-l) o a ~Y (det RS(Ft) ® det R5(F 2 ) V ) 

Proof. We begin by noting that f depends a priory on the holomorphic iT-theory class 
of the sheaf F. To compare different theta bundles, we consider the virtual difference 

f = Fx - F 2 . 

By Lemma 1 of [MP] , we may assume that iT-theoretically we have 

f = M-0 + O z -O w , 

for a line bundle A4 over A of degree 0, and subschemes Z, W of the same length t. This 
gives 

detf = M, detRS(f) = M®V a{z) „ a(w) , 
where a is the addition morphism, and 

M = detRS(M) 

stands for the determinant of the Fourier-Mukai transform. In fact, since A4 = V y for 
some y 6 A, we have M. = O. 
Let us write 

m = M -C,n = Oz-Ow, 

and observe that 

e f = e m ®e n . 

We show 

©n = {a')* V a (W)-a(Z)- 
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It is enough to check this isomorphism along any test family of sheaves. Indeed, consider 
a flat family 

£ -)■ S x A 
of sheaves of type v, inducing a morphism 

a~ : S -)■ A 

by taking determinants and twisting. Remark that by the see-saw theorem 

det S = (a~ x IfV ® p*V <g> g*e fc , 
for some line bundle V — >■ S 1 , with p, g being the projections from S x A. We calculate 
detRp!(£®g*O z ) = ®det£, = ® ((a-)*P*®V) = (a _ )*P a (z) ® V*. 

Therefore, 

G n = ((a-)*P o(z) ® V^)" 1 «gi ((a-)*V am ®V e ) = (a~Y V a(w) „ a{z) , 

as claimed. 

It remains to prove that 

(6) e m = (a+fM- 1 . 

First, we will verify this equality after pullback by r. To begin, we calculate the pullback 
of the right hand side 

r^a+YM- 1 = (-xx + l&iyWM- 1 = (M x M $*Ar fe ) . 

We claim next that 

r *e m = QM (m x M $*M~ k ^j 

for some line bundle Q over K v , where Q is the restriction of r*O m to K v . The Chern 
class of Q depends only on the Chern class of M, and since for M = O we obtain the 
trivial bundle, this must be the case for all .M's of degree zero. Since K v is simply 
connected, Q is trivial. 

To identify the remaining term, note that the restriction of r*G m to {E} x A x A 
equals 

C E = det Rp 23! (m\ 2 E ® p* 3 V ® p*(M - O))' 1 , 

where 

mi2 lixixiH-i 
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denotes the addition on the first two factors, and the p's are the projections. We prove 
that 

(7) C E = M x M& d M-\ 
where D is the determinant of E, and 

<J>d : A -> A, $£> : A A 

are the induced morphisms. The idea of the proof is already contained in the above 
argument. We first note that Ce only depends on the holomorphic K-theory class of 
E. In fact, we argue Ce depends on the rank, determinant and Euler characteristic of 
E. Indeed, for two sheaves Ei,E 2 with the same data as above, we form the virtual 
difference 

e = Ei - E 2 . 

By Lemma 1 of [MO] , we can write 

e = O z - O w , with £(Z) = £(W). 

Then 

C e = C El ® C' E \ 
is trivial, since for any a £ A, we have 

(8) defRp2 3i (m* 12 O a ®pi 3 P®pi(M-0)) = det((t a x 1) o (-1 x 1))* {V®p\{M-0)) 

= M~ 1 . 

Since for fixed rank and Euler characteristic, Ce depends only on the determinant of E, 
we may assume that E splits. Since both sides of ([7]) are multiplicative in E, it therefore 
suffices to consider the cases 

E = 0, E = 0{D), E = O a . 
Now, note that for E = O, we have 

Co = detRp 23 (mt 2 e> (8) V \ 3 V ® p\{M - O))' 1 = M~ l O, 
while for E = we obtain by ([S]) 

C Qo = detRp 2 3i(m*i 2 ® p$ 3 P ® pi(M - O))' 1 M. 
The calculation for E = 0{D) is more involved. We need to show 

c = M x(D) md> D .M~ 1 - 

Observe that over A x A we have 

m\ 2 0{D) = (1 x $ D yv®p\0(D)®p* 2 0{D). 
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We compute 

C- 1 = detRp 2 3!(Pi 2 (l x ^d)*V®p\ z V®p\{M{D) - 0(D))) 
= (* D x l)- k detR P 23i(pi 2 V® P i [ 3 r® P i(M(B)-0(D))). 

Note furthermore that 

Pu^ ® Pis? = (1 x fhfV 

where 

lxm: AxAxA^AxA 
is the addition map. We conclude 

C' 1 = ($ D xl)*m k dekBp2i(V®p!i(M(D)-0(D))) 
= ($ D x l)*m* (detMj®D® defD" 1 ) 
= (<S> D x iym* (t* M detD (gxletD- 1 ) 
= ($ D x l)*m*$ D (A^). 
Now for a degree line bundle U we have 

m*U = p*U <S> PqU, 

hence 

= ($ 5 xl)* ($ D (M) H $ D (M)) = ($ D xl)*($* D ME%M) = M' x{D) m%M 
as claimed in 

Equality ([6]) is now checked under pullback by r. It remains to observe that the 
assignment 

defines a morphism 

7T : A -> Pic (SEJly). 
This amounts to constructing a universal line bundle 

U ->Wl v x A 

which restricts to Qm-O <8> over 971^, x {M}. Indeed, it suffices to define 

U = detRp 2 3\(p* 13 V ® p$(M - O) ®p* l2 £Y l g> (a+ x \)*V, 
using the pushforward from 

A x Wl v xi-> Wi v x A, 
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for a universal sheaf £ — > A x 9Jt v . A quasi-universal sheaf may be used if necessary. 
Note however that the above discussion implies that 

T* O 7T = 0. 

Since the kernel of r* is discrete, ir must be constant. Since tt(0) = O, we must have 
tt(M) = O completing the proof. □ 

The following results are immediately obtained by restriction: 

Corollary 1. (+) Over the moduli space we have 

e Fl = @f 2 <g> ((-l)o«+)* (det Fi <g> det F 2 V ) . 
(-) Over the moduli space £0T~ ? we have 

e Fl = G F2 <g> ((-l)oQ-f (detRS(Fi) <g> det R5(F 2 ) V ) . 

Convention 1. The theorem above shows that 9^ only depends on the rank, Euler 
characteristic, determinant and determinant of the Fourier-Mukai of the bundle F. The 
Mukai vectors used in this paper are all of the form 

w=(r',k'e, X '). 
We make the convention that all Theta bundles 

e w -.= e F -> m v 

are calculated with respect to .KT-classes F with 

rank F = r , X (F) = x, det F = Q h ' , detRS(F) = 9 fe '. 

Example 1. Assume that v = (1, 0, — n) so that m v ^ AN x A via the isomorphism 

(Z, y)^I z ® y- 

Then, a corresponds to the morphism 

(-a, 1) : AM x A -> A x A, 

where as usual a is the addition map. For a sheaf F — > A of rank r, we obtain 

F = detRp 12 ,(p* 13 Iz®p* 3 F®p* 23 vy 1 , 

where the projections are considered onto the factors of the product A^ x A x A and 
Z is the universal subscheme in A^ x A. This yields 

Q F = detRp 12 \(p* 3 F ® p^V)- 1 ®detRp 12 \(p* 13 Oz ® P^F ® p^V) . 
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The second line bundle can be found via the see-saw theorem and Section 5 of |EGL| 

(detF) (n) ®M r ®(a,iyv r . 

Here, M is half the exceptional divisor on the Hilbert scheme and (•)(„) denotes the 
symmetrization of a line bundle from A over Sym n (A). Therefore, over AW x A, 

F = (((detF) (n) <g> M r ) ^detRS(F)- 1 ) ® (a,iyr r . 

This expression is consistent with the statement of the theorem. 

2.3. Theta bundles and etale pullbacks. We now return to the etale diagram ([5]): 

K v x A x A *- Wtv ■ 



Ax A >■ Ax A 

We continue to refer the reader to |MQ] , where we showed the splitting of the pullback 

T *O w = @ W MC. 

The line bundle Q w was shown to be independent of choices on the simply connected 
manifold K v . Furhermore, we proved that 

C = (det Rp 23! {m\ 2 E ® p* 13 V ® P^F))- 1 , 

with the p's denoting the projections on the corresponding factors of A x A x A, while 

mi2 :ixixi->i 

is as usual the addition on the first two factors. We moreover calculated the Euler 
characteristic of C, cf. [MO]. In the lemma below, we identify C explicitly. As a 
corollary we obtain 

(9) **E{v,w)=p ir T*& w = H°{K v ,G w )®£. 
We will use this equation in Section 5. 

Lemma 1. We have 

(10) C = (0~*' k -X k ' E Q-rk'-r'k^j ^ -pr'x+kk'^ 

Proof. The proof is similar to that of Theorem [TJ First, we note that the bundle 

C e ,f = (det Rp 23 ! {m\ 2 E ® p* n V <g> p\F)y l 

depends only on the holomorphic K-theory classes of E and F. In fact, we will further- 
more remark below that the line bundle only depends on the Mukai vectors v and w, 
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the determinant and determinant of the Fourier-Mukai of E and F. In other words, we 
argue that 

p r\J p p r^j p 

*->E,F = l~E',Fi i *->e,F = '-'E,F' 

for pairs (E, E') and (F, F') of the same Mukai vectors, determinants and determinants 
of Fourier-Mukai. 

In fact, only the statement about the first argument E will be useful to us. For this 
isomorphism, consider the virtual sheaf 

e = E - E'. 

Note that in i^-theory, we have 

e = O z - O w 

for two zero-dimensional subschemes which have the same length [MO| . and since the 
Fourier-Mukai transform of e has trivial determinant, we must have a(Z) = a(W). We 
prove 

£e,F = £e,f ® £ e \f 
is trivial. Over A x A, we calculate 

detK P 23\{m 12 Oz ® Pi 3 V ® p^F) = (g)((t* x 1) o (-1 x 1))* det (V ® p\F) 

which only depends on a(Z) by the theorem of the square. Thus, we obtain the same 
answer replacing Z by W, therefore showing £ e ,F is trivial. The argument for the pair 
(F, F') is similar. 

With this understood, we prove the lemma. We may assume then that E splits as a 
direct sum of copies of O, O and structure sheaves O a . In fact, since Ce,f is multiplicative 
in E, it suffices to prove the lemma separately for the three sheaves 

E = 0, E = Q and E = O a . 

First, for E = O, we obtain 

C = &etnp 2 z\{mi 2 ® p\ z V ® p\F)- 1 = OM (detF) 1 = OMQ~ k ' , 
while for E = , we have 

C = detKp 2 3\(m 12 ® p* 13 V ® ptF)' 1 = det ((-1, 1)*V = V r ' ® e~ k ' '. 

The calculation for E = O is more involved. We show 

C = det-R,p23\(m*9®p* 13 V®p{F)- 1 = (@~ x '~ k ' El Q~ k '~ r '^ ®V r ' +k ' . 
Observe that 

m *e = (i x §yv ® p\e ® P2@ = (i x <s>y(v ® pI®' 1 ) ® ^e. 
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We calculate 

ZT 1 = detRp 2 3!((l x ^TiV^p^e" 1 ) ® p* 13 V ® p*i(F ® &)) 
= ($ x 1)* detRp23i(p![ 2 V ® Pi 3 V <S> Pi(F ® e) ^p^ 1 ) 
= ($ x l)*detRp 2 3!((l x m)*V ® pl{F ® Q) ® p^Q- 1 ) 
where we noted again that over A x A x A we have 

p\ 2 V <g> p\iV = (1 x m)*P. 

Using that 

X (F <g> 6) = r' + x' + 2k', 

we continue the calculation 

C = ($ x l)*det (Rp23!((l x m)*V ® pi(F ® G)) «> pr^Gr 1 ) 1 

= ($x 1)* (detRjJa 3 i((l x to)*"P ® p*(F ®6))® pr*6~ r '~ x '~ 2A: ' 

= ($x iy {m* det~R P3 ,xv ® pt(F ® oyy 1 ® <S>*O r ' +x ' +2k ' 

= ($ x l)*m* det RS(F ® G)" 1 ® e^'-*' -2 *' 

= ($ x i)*m*e- r '- fc ' ® e-'-x'-2fc' 

Noting again that 

m*6 = (8 x 1)*7? ® ^0 (g> P2O, 

we obtain the result 



£ = ($ x 1)*($ x l)*p- r '- fe ' 

-r'-fc' o / Q.r'+k' 



^Q-r'-k 1 M Q-r'-k' 



Q-r'- X '-2k' 



-r'-k' 



Q-r'- x '-2k' 



= { r l,l)*V~ T '~ K (B' + ' v (-)" 

The lemma is now proved. 

The only detail that still needs clarification is the fact that 

detR<S(F (g> 6) = Q r ' +k ' . 

This uses that © is symmetric so that det @ k = Q k , cf. [02] . Indeed, letting 

M F = detRS(F<g>9) 

observe that A4 p depends on the rank, Euler characteristic, determinant and deter- 
minant of the Fourier-Mukai transform of F. If F\ and F2 are two such sheaves, we 
write 

f = F 1 -F 2 = O z -O w , 
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where a(Z) = a(W). But then 

M Fl ®M F l = M f = detRS(G®f) = det RS(@ ® (O z - O w )) =V a{z) _ a{w) = O. 
Therefore, it suffices to assume that 

F = O r ' @{k'®-0)@0*'- T ' '. 
Finally, note that in this case 

M F = Q r ' ® det 9^+1 ® det 9" 1 ® det elK?/^' = G r ' +fc '. 

□ 

2.4. Construction of the strange duality map. In this subsection, we use Theorem 
[T]to construct the duality map SD mentioned in the introduction; see equation 0. A 
similar construction was achieved in |Po| in the case of curves by packaging together all 
the strange duality morphisms over the Jacobian. 

For the remainder of this section, it will be convenient to make the following additional 
assumption: 

(A. 4) a(v ®w) > 0. @ 

In particular, Serre duality implies that for any two stable sheaves E and F we have 

H 2 (E®F) = 0. 

Furthermore, the locus 

(11) 6 = {(E, F) : h°(E ®F)/0}h Wl v x Wl w 

has expected codimension 1. The defining equation of (|lip is used to prove that: 

Lemma 2. There exists a natural morphism 

SD : j*E(u,u;) v ^E(w^v) 

Here we write 

j : A x A -s- A x A 

for the multiplication by (—1,-1). Since our polarizations are in fact assumed to be 
symmetric, pullback by the morphism j will not be necessary. 

''This assumption is made for ease of presentation. When ci(v ® w) < 0, a similar discussion should 
be possible exchanging the H° and H 2, s. 
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Proof. To construct SD, we need a natural section of the bundle 
j*E(u, w) <g> E(uvu) = Ra\(@ w S9„® a*Q) 

where 

a = (j o a v ) x : SUt^, x Tl w — > (A x A) x (A x A), 

and Q -4 (^4 x A) x (A x A) is the Poincare bundle on the self-dual abelian variety Ax A. 

For simplicity let us assume that universal sheaves £ — > yjl v x A and T — > dJt w x A 
exist. We form the bundle 

e = detRpi(£ K L T)- 1 , 
obtained by pushforward via the projection 

p : Wl v x Ax Wl w xi-> Wl v x 97^. 

We claim that 

B = e w MG v ®a*Q. 

This is precisely the see-saw principle combined with Theorem [JJ Indeed, the restriction 
of to {E} x Wl w equals 

B E = B v ® a* ((det E <g> e~ fc ) v H (det RS(£) g> 9~ fc ) v ) =9^0 a*S| { E} x sm w - 

The calculation of the restriction to 9Jl v x {F} is similar: 

Q F = Q w ® ( av )* ((det F <g> 9- fc ') v B (det RS(F) ® 0- fc ') v ) =6 W ® c^Qk^F}- 

We can now complete the proof. The locus where 

Tor l (E,F) = Tor 2 (E,F) = 

has complement of codimension at least 2 in the product space by Proposition 0.5 in 
[Y2j . Along this locus, the pushforward whose determinant gives can be represented 
by a two step complex 

which yields a section det a of 

6 = Ay ® 1 = ™ E 6„ ® a*Q 
vanishing precisely along the theta locus (jlip . □ 

Conjecture 1. Assuming (A.l) — (A. 4), the morphism 

SD : }*E(v,w) v -»■ E^vu) 

is an isomorphism. 
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Remark 1. Just as in the case of curves, there is a slight asymmetry in the roles of v and 
w in the strange duality morphism (|3|): on one side, the determinant and determinant of 
the Fourier-Mukai vary, while on the other side these invariants are kept fixed. However, 
just as in the case of curves [Pol], the above reformulation makes it clear that 

Corollary 2. If the duality morphism Q is an isomorphism for the pair (v,w), then it 
is an isomorphism for the pair (w,v). 

2.5. Vanishing of higher cohomology. The arguments of this paper often assume 
the vanishing of the higher cohomology of the theta bundles, cf. (A. 3). In general, this 
is a difficult question. 

Here we only content to note the following: 

Lemma 3. If (A. 4) is satisfied, the line bundle Q w over the moduli spaces K v , 
5UT~, yjt v has no higher cohomology if the slope of w is sufficiently ample with respect to 
r,k,x- 

Proof. LePotier proved that Q w is ample on hence on K v , provided the slope of w 
is a sufficiently positive multiple of the polarization, cf. |LP| or Remark 8.1.12 in [HL J. 
This suffices for our purposes as the Picard rank of A is 1, by (A.l). 

It remains to observe that the first of the four statements below implies the remaining 
three: 

(i) Q w has no higher cohomology on K v ; 

(ii) Q w has no higher cohomology on 

(iii) Q w has no higher cohomology on 

(iv) Q w has no higher cohomology on $Jt v . 

Indeed, to show (i) implies (iv), we use the etale morphism r and equation ([10]) . We 
observe that the line bundle C has no higher cohomology since O and @ _1 do not, and 

rk' + r'k > 0, \k' + x'k < 0. 

The former inequality is assumption (A. 4), while the latter follows from it since 

{rk' + r'k)( X k' + x'k) + (r X ' + kk'f = -d v d w < 0. 

The other implications are similar, using Propositions 2 and 3 in [MQ] to calculate the 
etale pullbacks. (Note that the statement of Proposition 2 contains a sign error in the 
expression for c\{C + ).) □ 
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(1,0, -n), 



Claim. Q w has no higher cohomology for slopes k/h > n + 2. 



Proof. It suffices to show U , is ample. Write 



k = hq + r, q > n + 2. 



We have 



e„ = (e fc ) (n) ® M ft = ((e% ] )' 1 ® (9 r ) (n) 



with M denoting half the exceptional divisor. The line bundle is n-very ample for 



G r is globally generated over A, it follows (@ r )( n ) is also globally generated. The claim 



Finally, let us remark that the above bound is not sharp. For instance, when h = 1, 
Scala proved the vanishing of higher cohomology only under the assumption that k > 1 
cf. Theorem 5.2.1 [Scj . 

3. A CLASS OF SEMIHOMOGENEOUS BUNDLES RELEVANT TO STRANGE DUALITY 

In this section, we define and study a new class of semihomogeneous bundles 



indexed by triples of rational numbers 

P = (u, v, h). 

These will be useful to the study of the Verlinde bundles in Section 4. 

3.1. Admissible triples. We begin with some terminology. For a triple P = (u,v,h) 
of rational numbers, we define the determinant 

detP = uv + h 2 . 

The rank r(P) is the smallest common denominator of u,v and det P, so that 

ru, rv, r det P 

^The results of this section do not use the assumption that the polarization is principal in an essential 
way. The only modification for a polarization with x(©) = e is the definition of the determinant 
det P = uve + h 2 . 



q > n + 2 according to [BS| . and hence (@ q )[ n ] is very ample on A'-"'' by [CG| . Since 



follows. 



□ 



W(P) -> A x A 
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are integers. Note that in particular 

(rh) 2 = r ■ r(uv + h 2 ) — (ru)(rv) € Z 
hence the rational number rh G Z as well. By the minimality of r, we must have 

(r, ru, rv, r det P) = 1. 

Define the Euler characteristic 

X (P) = rdet P = r{uv + h 2 ) £ Z. 

A triple of rational numbers P is called admissible if r(P) and X (P) are odd integers. 
For each admissible triple P we define the inverse triple 



-l 



u v h 



uv 



+ h 2 ' uv + /i 2 ' uv + h 2 



In particular 

det P- 1 1 



detP" 

The rank of the the triple P _1 is easily seen to be 

r(p- 1 ) =r(uv + h 2 ) = X (P). 

while the Euler characteristic equals 

x (p- 1 ) = r {uv + h 2 ) det P _1 = r(P). 

The triple P _1 is clearly admissible. 

Note that for a triple P of rank r, we can make sense of the line bundle 

o( r p) = (e™ae r j ®V rh 

over A x A, and of the associated morphism 

$ rP : A x A ->■ A x A. 

3.2. Semihomogeneous bundles. For each admissible tripe P we construct the mini- 
mal semihomogeneous vector bundle W(P) over A x A of slope determined by P: 

a*(w(p)) = ne + ^e + /i7 3 . 

Lemma 4. For eac/i admissible triple P, there exists a simple semihomogeneous bundle 
W(P) q/ran/fc 

ran^ W(P) = r(P) 2 
and o/ slope P . /is Euler characteristic equals 

X(W(P)) = X (P) 2 . 



2-1 
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Proof. In general, Mukai proved the existence of a simple semihomogeneous bundle W(P) 
of any given slope in Corollary 6.23 of [M2J. We only need to show that the rank of W(P) 
equals r 2 , for r = rank P. We let 

£ = (ru)6 + (rv)@ + (rh)V = G(rP) 

and note 

M(W(P)) = 

r 

Using Theorem 7.11 of |M2j . the rank of W(P) can be calculated from the cardinality 
of the set 

#{K(£)nA[r] x A[r]} = u 2 . 

In fact, 

4 

rank W(P) = — . 

u 

We show that u = r 2 . Indeed, 

(x, y) g a-(£) t*e ru ® ^e™ ® = e™ ® e™ ® v rh 

&(rux) (8) $(rvy) = V~ rh ® y~ rh 
-x=>- = —rhy,§(rvy) = —rhx. 

We invoke Lemma [T7] of the Appendix to complete the proof. The lemma applies since 

(ru)(rv) + (rh) 2 \ 

r, ru, rv, = (r, ru, rv, r det P) = 1 

r J 

by the definition of the rank. 

Finally, the numerics of any semihomogeneous bundle are determined by its rank and 

slope 

ch W(P) = r 2 exp(uQ + vO + hV). 

Therefore, 

X(W(P)) = r 2 ^(u9 + vO + hVf = r 2 (uv + h 2 ) 2 = x(P) 2 . 

□ 

Proposition 1. There is a unique simple semihomogeneous symmetric vector bundle 
W(P) of rank r 2 and determinant 0(r 2 P). 



Proof. The proof uses the ideas of Section 2.1 of |02j. We first adjust the determinant 
by suitable degree line bundles, if needed, to achieve determinant 0(r 2 P). Then, to 
obtain symmetry, pick any possibly non-symmetric bundle W(P). By Theorem 7.11 in 
|M2j . we must have 

(-1)*W(P) = W(P) (g> M 
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2 

for some line bundle M of degree 0. In fact, M r = O by comparing determinants. Pick 
a line bundle L of order dividing r 2 with I? = M. This is possible since r is odd. Then 
W(P) ® L is symmetric semihomogeneous of the correct determinant. 

To show uniqueness, assume Wi and W2 are two symmetric bundles as above, and 
write 

Wi=W 2 ® M. 

Then 

Wi = (-l)*Wi => W 2 0M = W 2 ®M- 1 =^ M 2 G S(W 2 ). 

Proposition 7.1 of |M2] shows that S(W2) has odd order, in fact equal to r 4 . Thus, the 
assignment 

M -¥ M 2 

is bijective on E(W2). Hence M 2 = L 2 for some L € E(W2) which shows 

M = L (g> £ => W! = W 2 ®C 

2 

for a 2-torsion line bundle £. Comparing determinants we obtain £ r =1. Since r is odd, 
we derive that £ = 1. Therefore, M G S(W2), which gives Wi = W 2 . 

□ 

Example 3. When h G Z, we write 

u = — , u = — , hence P = — , — , h . 
a c \a c J 

Assume for simplicity of notation that (a, c) are odd and coprime. Then r = ac, x = 
bd + h 2 ac and 

W(P) = W a , fe E Wl d ® P' 1 . 

Here W 0) 6 is the unique simple symmetric semihomogeneous bundle on A of slope 
which has rank a 2 , see |Q2] . The notation , denotes the analogous bundle of rank 
c 2 on the dual abelian variety. 

3.3. Properties of semihomogeneous bundles. In this subsection, we make precise 
some of Mukai's results in |M2| for the semihomogeneous bundles W(P) constructed 
above. 



Lemma 5. For any admissible triple P, we have 

t* rx W(P) W(P)®$ rP (x), for xe Ax A. 
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Proof. This follows from Proposition 6.8 of |M2] . where the result is shown in greater 
generality. In fact, Mukai proves 

(^W(P) = W(P)®$ r2p (x), 

but the two statements are clearly equivalent. Note that in the lemma, $ r p(x) is under- 
stood as a line bundle over Ax A, but we decided not to introduce separate notation to 
indicate this fact. □ 

Lemma 6. For each admissible triple P, we have 

W(P) ^ W(P" 1 ). 

Proof. By Lemma[U the semihomogeneous bundle W(P) is non-degenerate, so it satisfies 
the index theorem (the index is found in Remark [2] below). The Fourier-Mukai transform 
W(P) is locally free. We calculate the slope 

M(W(P)) = f 1, 2 > Q + ^© - hV). 
(uv + h z ) 

Note that the slope of W(P) equals the slope of the bundle W(P _1 ). The rank of 
W(P _1 ) equals x(P) 2 i which agrees with that of W(P). Both bundles are symmetric 
and semihomogeneous, and therefore they must coincide by uniqueness. □ 

Lemma 7. We have 

$£pW( p_1 ) = 0(-r 2 P) ® C x \ 

Proof. For each semihomogeneous bundle W over an abelian variety X, such as X = 
A x A, Mukai introduced the subscheme 

Z(W) = {(x, y) G X x X : t*W = W <g> y}. 

Then, letting p denote the projection onto the first factor, he proved 

for some line bundle C over X, cf. Lemma 3.6 [M2J. We apply this result to our situation. 
First, note that by the previous lemma 

RSWP- 1 ) ® V rx ) = t^W^ 1 ) = t* x W(P) = W(P) ® $ rP (x) 

= Wpi) ® cD rP (x) = R5(i* rp( _ ;B) W(p- 1 )). 
The shifts were omitted above for ease of notation. We derive 

^_ rp(:t .)W(p- 1 ) = w(p- 1 )®p ra . 
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This gives a well-defined morphism 

q : X -> Z = Z(W(P -1 )), x h-> (* rP (x), -rx) 

such that 

Mukai's result implies that 

$* P W(P _1 ) =£®C X \ 
for some line bundle C. We claim C = 0(-r 2 P). Let 

C! = C®0{r 2 P). 

Clearly, £' is symmetric, and comparing determinants we see that 

0(-r 2 P)* 2 = $* p det W(p- r ) = C* 2 =>> £' x2 = 0. 

The first equality follows from Lemma LTOl below. Since x 2 is odd, this implies £' is trivial 
as desired. □ 

Remark 2. The Lemma implies that W(P) satisfies the index theorem with index 
index (P) where 

(i) if det P > 0, then index (P) = 2; 

(ii) if det P < 0, index (P) is either or 4. The first case occurs when u > 0, while 
the second case occurs when u < 0. 

Indeed, it suffices to establish the similar claims for W(P _1 ). To this end, we invoke the 
Lemma, and the observation that the line bundle 0(— r 2 P) satisfies the index theorem 
with the required indices. 

Lemma 8. The group 

E(W(P)) = {y G A x A : W(P) ® Q y = W(P)} 

has r 4 elements and can be identified with 

E = {ye(AxA)[r]:$ xP -i(y)=0}. 
Here, Q y denotes the line bundle over A x A associated to y. 

Proof. The fact that the set S has r 4 elements follows from Lemma [T71 of the Appendix. 
We also have S C S(W(P)) by Lemma [5] and the fact that along r-torsion points 

3> x p-i o $ rP = 0. 

The claim follows, since by Proposition 7.1 of |M2j we know S(W(P)) should have r 4 
elements. □ 
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In a similar fashion, we obtain 

Lemma 9. The group 

K (W(P)) = {x £ A x A : t*W(P) = W(P)} 

has x 4 elements, and equals 

K = {xG(AxA) [ X ] : $ rP (x) = 0}. 

Example 4. Assume that 

-(:■?•)• 

with (a, 6) = (c, d) = 1 odd coprime integers. For the bundle 

W(P) = w a , fe k 

we have 

W(P- 1 ) = W d , c MWl >a 
which is indeed Fourier-Mukai dual to W(P) since by [02], we have 

Also, 

E(W(P)) = A[a] x A[c], K(W(P)) = A[b] ® A[d], 
consistently with the lemmas above. 

3.4. Pullbacks under isogenies. We consider the pullbacks of the semihomogeneous 
bundles W(P) under a special class of isogenies. We will use these calculations to support 
our main conjecture in Section 4. 
Specifically, we consider a matrix 

a b 



M 



c d 



with integer entries, and set 

p = pM ■ A x A -4 A x A, (x,y) -4 (ax + 6$(y),c$(x) + dy). 
For future reference we note that 

PM° ° Pn° = P(MN)° 

where 

M — > M° is the transformation 



a b 




a —6 


c d 




c d 



There are two other types of isogenies which will be considered and which are in fact 
particular cases of the ones above: 
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for a triple of integers 

P = (u, v, h) := u0 + v<3> + hV, 

we note that 

<&P : A x A ^ A x A can be expressed as $p = pp a 

where 

P=\ k ~ V . 

u h 

Observe that 

det P = detP, 

where the left hand side denotes the determinant of the matrix, while the right 

hand side is the determinant of the triple P. 

for a Mukai vector v = (r, kQ, \) we will consider the isogeny 

: A x A ->■ A x A, (x, y) -> (~xx + k<fr(y), k®(x) + ry) 

which equals 

■X ~k 



= p\j° , for V 



k r 



Note that det V = cL. 



We determine the pullbacks of the three bundles {0, Q,V} via the isogeny pu- 

Lemma 10. The matrix of the transformation p* M on the lattice spanned by {0,0, V} 
equals 



R 



a? —c 2 lac 
-b 2 d 2 2bd 
—ah —cd ad — be 



Proof. We calculate 

p*@ = (ax + b$(y)ye = fl2 IE1 ® T~ ab 
via the see-saw theorem: 

• the restriction to A x {y} equals 

a*t* m Q = a*(9 ® <£($(6y))) = V~ ab 

• the restriction to {0} x A equals (&$)*© = 9~ 62 . 
In a similar fashion, we calculate 



p*@ = q- c ~ m e d2 ® v~ cd . 
p*j> = e 2ac m e 2bd <g> v ad - bc 



Finally, the pullback 
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is subtler to find. First consider the dual isogeny 

p + (x, y) = (dx — b&(y), — c<3?(x) + ay) 

and compute 

p + o p = ad + be. 

e (ad+bcf = ( p + Q p y Q = p * ( p +y Q = p* (Qd 2 m Q-b 2 g, V bd 

= (e a2 m &- b2 v- ab ^j d (e~ c2 m e d2 ® v~ cd ^ ~ b ® p*p bd . 

This establishes that 

p*^ = 6 2ac Kl 9 2M ® pad-be ^ 

at least up to bd torsion points. The torsion ambiguity is eliminated by restricting to 
A x {0} and {0} x A. This uses that the pullbacks of the Poincare bundle to A and A 
are: 

( a ,c<s>yv = e 2ac , (b$,d)*v = e 2bd . 

□ 

For future reference we note that 

d 2 -c 2 -2cd 



-b 2 a 2 -2ab 
bd ac ad — be 



(ad + be) 2 

4. Applications to strange duality 



The theory of semihomogeneous bundles introduced in the previous section will now 
be applied in the setting of strange duality. In particular, we conjecture an exact formula 
for the Verlinde bundles, and prove a version of the level 1 duality. 

4.1. Etale pullbacks in the setting of strange duality. Recall the conventions of 
Section 2. The vectors 

v = (r,k@,x), w = (r',k'e,x) 
are primitive and orthogonal i.e., 

(12) rx' + r'x + 2kk' = 0. 

The dimensions 

dv = 2 ( u > v) =k 2 - rx, d w = - (w, w) = k' 2 - r'x 

are assumed to be odd positive integers by (A. 2). 

We continue to use the etale diagram ([5]). We observed that for the isogeny 

y v (x, y) = {-xx + fc*(iO, fc*(a?) + ry), 
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we have 

(13) 

where 



9*E(v,w) =H°(K v ,e w )®£ 



e 



-rk'-r'k 



t ■pr'x+kk' ^ 



Lemma [TOl gives the matrix corresponding to the pullback via Its inverse equals 

r 2 —k 2 —2kr 



R 



-i 



-k 2 
kr 



X 

-kx 



2 X k 
-rx — k 2 



Therefore, the slope of the Verlinde bundles E(v,w) has coordinates 



(rx - k 2 y 



-k 2 
kr 



X 



k 2 

2 



-kx 



-2kr 
2 X k 
-rx — k 2 





-Xk' ~ x'k 


1 

k 2 — rx 


rk' + r'k 




—rk' — r'k 


Xk' + x'k 




r'x + kk' 


r'x + kk' 



in the basis {0, 0,"P}. The orthogonality equation (fT2|) was used to simplify the answer. 
Let us write 

rk' + r'k 
Xk' + x'k 



1 



P(v,w) = — 

av r'x + kk' 

Note that the first two entries are obtained from c\(v <g> w) and c%(v ® w), while the last 
entry r'x + kk' squares to 

1 



(l v d w 



-c\(v <g) w)ci(v ® w). 



Similarly, P(w,v) is defined by reversing the roles of v and w 

rk' + r'k 

P(w, v) 



1 

dy; 



Xk' + x'k 
rx' + kk' 



Thus, we obtained 

H(E(v,w)) = P(v,w), fj,(E(w,v)) = P(w,v). 

The simplest candidates for bundles with these slopes are ~W(P(v,w)) and W(P(u;, v)). 
We will check shortly in Lemma [TT] that W(P(f,u>)) does in fact pullback to a direct 
sum of copies of the line bundle C of (|13p under the morphism ty v . 

Let us however first discuss the numerics of the triples P(v,w) and P(w,v). A simple 
calculation shows that 

det P(y, w) 

Let 

A = (rk' + r'k, xk' + x'k, d v ,d u 



d w 
d v 
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When (k, k') = 1, we have the even simpler expression 

A = (d v ,d w ). 

Clearly, P(v,w) has 



Similarly, 



rank P(v,w) = x(P(v,w)) 



rank P(w,v) = x(P(io,u)) 



d w 
"A" 

dv 
~ A' 



In fact, a simple calculation shows 

P(v,w) = -P^u) -1 . 

Thus, by LemmaO the bundles W(P(w, w)) and W(P(io, v)) v are connected by Fourier- 
Mukai transform: 

W(ffaw)) W(P(w,v)) y . 

To summarize, we provided evidence for the claim that the building blocks of the 
Verlinde bundles E(v,w) are the semihomogeneous bundles W(P(v,w)) with 

d 2 d 2 

rank= _ ) X =^2> 

consistently with the Fourier-Mukai symmetry of Section 12.41 This statement is however 
only true up to torsion; see Conjecture [5] below. 

Example 5. We consider the case when k = i.e. c\{v) = 0. Then, the slope of E(u, w) 
equals 

P(v, w) 

where we wrote r' = rh, \' = — \h. Furthermore, A = ab, where 

a = (k', X ), b=(k',r). 

Hence, 

W(P(v,w)) = W 



" k'~ 






=1 






r 




r 


T - 







a 5 a 



□ 



We now check that the bundles W(P(v,w)) split as direct sum of line bundles under 
the isogeny as claimed above. 
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Lemma 11. The pullback 

%W(P(v,w)) =£®C (rf " /A)2 
splits as direct sum of line bundles, where 

£ = ( Q-X'k-Xk' ft Q-rk'-r'k\ g pr'x+fcfc'^ 



1 

-1 



Proof. We consider the dual vector u> v = (r ; , — k'@,x') an d note that for 

J 

we have 

JW V V- 1 = P{^w). 

In particular 

®%P(v,w) ° = P%p^)P* a = P JO ° ^( wv )° ° ^ = ° ° ^- 
It suffices to check that *$>*W(P(v,w)) splits as direct sum of the same line bundle 
L, since then the line bundle is identified uniquely just as in Lemma [7] above, using 
invariance under (—1) and the determinant calculation. In particular, it suffices to check 
that 

q : X -+ Z(W(P(v,w))), x ^ {V v (x),pjo o * w v(x)) 
is a well defined morphism, since then 

poq = $> v 

and we can invoke Mukai's result which shows that the pullback under p already splits. 
It remains to prove 

(14) t% v(x) W(P(v,w))=W(P(v,w))®pj°* w v(x). 

Our general study of the semihomogeneous bundles W(P), in particular Lemma [5] 
shows that 

(15) 4W(P(,, W ))=W(P(^))®^ pM (y). 
Fix x and write 

x = —x\ for x 1 E X. 
A 

Set y = ^ v (x'). We calculate 

Now (|14p follows from (|15p by substitution. 

□ 
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4.2. Level 1 strange duality. As a corollary of the preceding calculations, we prove 
the following analogue of the level 1 strange duality for curves established in [BNR . 

Theorem 5. When d v = 1 or d w = 1, the strange duality map is either zero or an 
isomorphism. 

Proof. Assuming d w = 1, we have A = 1. The ranks of the Verlinde bundle ~E(v,w) v 
and of the Fourier-Mukai E(k;, v) are both equal to 

d\ fd v + d,, 
d v -\- d w y d v 

Both bundles must coincide with W(P(t>, w)) v , which being simple semihomogeneous is 
stable with respect to any polarization, cf. [M2J . Any map between them, in particular 
the strange duality map, would have to be an isomorphism or zero. The case d v = 1 is 
entirely similar. □ 

Remark 3. (i) To clarify, the theorem assumes (A.l) — (A. 3) are satisfied. In fact, 
assumption (A. 2) that d v be odd can be removed by our methods keeping track 
of signs carefully. 

(ii) The vanishing of higher cohomology (A. 3) is a more delicate assumption. This 
is achieved for Q w — > Wl v when k'/r' sufficiently large with respect to r,k,x, 
cf. Lemma [3l For the bundle @ v — > $Jl w , a precise statement is easier to make 
(when d w = 1). Since K w is a point, this comes down to the vanishing of the 
cohomology of the line bundle 

C = (@-X k '-x' k M Q- rk '- r 'k\ -prx'+kk' 

which is automatic if 

rk' + r'k > 0, xk' + x'k < 0. 

In fact, these inequalities are equivalent and are the contents of assumption (A. 4), 
as seen in Section 2. 
For instance, if either 

(a) k'/r' sufficiently large with respect to r,k,x', or 

(b) k = 1 and x' < 0, 

then we obtain the vanishing of cohomology on both sides. 

Indeed, the first item (a) is already discussed in the beginning of the paragraph. 
For (b), Proposition 4 of [M02] is used to show that Q w has no higher cohomology 
over DJl v . Since d v > 1 we have x ^ 0- Also 2kk' = —rx' — r'x > ==? k! > 0. 
Therefore rk' + r'k > 0, so @ v also has no higher cohomology over yjl w . 
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(iii) Assumption (A. 4) is also related to the statement that the duality morphism is 
non-zero. This is the case if and only if the locus 

9 = {{E,F) : h°(E®F) / 0} 

has expected codimension 1 in the product space 9Jl v x 9Jt w . This is known in at 
least two cases: 

(a) rk! + r'k = 1, or 

(b) v = (1,0, —1), w = (r,krQ,r), with B possibly non-principal. 

Indeed, for the first item, pick arbitrary sheaves E and F of Mukai vectors v and 
w and write 

G = E ® F. 

Then X (G) = 0, and H 2 (G) = 0. We claim that for general y we have 

H°(G®y) = 0, 

which shows that (E, F®y) is not in the theta locus. The proof of the last claim is 
essentially Lemma 6.4(6) of |Ylj . or alternatively Remark 3.1 of the same paper. 
Indeed, every such sheaf G is obtained, up to dualization, as the Fourier-Mukai 
of a sheaf of rank 0, and picking y away from the support, we obtain the claim. 
For the second item, let E = I x and F = Iz(kQ)® r , with 

length(Z) = k 2 X {Q) ~ 1. 

Clearly, we can find x and Z such that 

h°(kG ® I z+X ) = => h°(E <g> F) = 0. 

We believe is a divisor in many other cases, but we will address the question 
in detail elsewhere. For instance, the methods of Theorem 5 in [M02] should 
give examples over product abelian surfaces A = E\ x Ei when ci(v), c\{w) are 
fiber classes. 

Example 6. (i) To illustrate a set of numerics for which SD is an isomorphism, we 
take 

v = (1,0,-1), w = (i,fce,i) 

for k > 0. Indeed, Example [9] below and Remark [3] (iii) (b) take care of higher 
cohomology and show that SD is non-zero, respectively. Therefore, SD is an 
isomorphism. 
We believe that 

v = (1, 0, — 1), w = (r, kr@, r) 
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will always work for k >> 0. In fact Remark [3] (ii)(a) and (iii)(b) place us in 
the favorable situation that SD is non-zero and there is no higher cohomology in 
the theta bundles. The only obstacle in this case are singularities of the moduli 
space Wl w ; the Verlinde formula ([!]) was only established over smooth moduli. 

(ii) Similarly, we have a rank example 

v = (0,0,0), w = (r,0, X )- 

Vanishing of higher cohomology for @ v — > dJlw follows from [Li] , while for Q w — > 
%Jl v we use Remark [3] (ii) (since d v = 1). That the theta locus is a divisor can 
be argued as follows. There exists a genus 2 curve C such that A = Jac(C). We 
inductively construct sheaves F r of type (r, 0, x) as extensions 

-> O -> F r -> F r _i -)■ 0, 

starting with F% = Iz, where Z avoids a fixed Abel-Jacobi image of C. Such 
extensions always exist since inductively x( F r) < 0, hence Ext 1 (F r ,0) / 0. 
Furthermore, 

O c -»• F r | c -»■ F r _i| G ^ 0. 
Now, we pick a line bundle L of degree 1 over C such that 
X {F r \c®L) = 0, fc°(L) = 0. 

Then 0^ r is a divisor on %R V since it does not pass through i+L. 

(iii) More examples can be constructed from these by applying the Fourier-Mukai 
functor. For instance, the vectors 

v = (r,@,-l),w = (2,e,0) 

of Example HUf iii) also ensure that SD is an isomorphism. Indeed, we show there 
that vanishing of higher cohomology is not needed, while the fact that the theta 
locus is a divisor is also clear by the same argument. 

4.3. Conjectural description of the Verlinde bundles. In this subsection, we state 
our main conjecture expressing the Verlinde bundles in terms of the semihomogeneous 
vector bundles W(P). 

In order to make the precise statement, we need to introduce the group Q vw . Recall 
the morphism 

* v (a?, y) = {-xx + fc$(y), fc*(a?) + ry). 
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We pullback line bundles over Ax A via \Ev By Lemma [TT] we have 

E(W(P(v,u>))) C Ker 

The quotient 

Q VjW = Ker V*JE(W(P(v,w))) 

has 7g = A 4 elements. 

Lemma 12. elements of Q vw have orders dividing A. 

Proof. We will show in fact that the group Q v>w is isomorphic to A [A]. Let m and n be 
coprime integers such that 

\m = — kn mod <i„, rn = —km mod 

These exist by Lemma [TBI of the Appendix. Then 

f m El6*f n 6 Ker 

for each £ — > ^4 which is d^-torsion. Indeed, we calculate 

^ m H $*£ n ) = {-XX + k$(y),k$(x) + ry f ( « "' E <!>'(" 

If £ is in fact <i„/A-torsion, the bundles above are in fact in ~S(W(P(y,w)) by Lemma[5] 
and the fact that 

%p K ,)(*(m m ) = o. 

The map 

Q V , W ^A[A], r^(f)^^ 
is then a group isomorphism. □ 

Conjecture 2. Assuming (A. 2) — (A. 3), we have 

B(v,w) = ®W(P(i7,u>)) ®C® mc , 
C 

where the line bundles Q belong to Q v ,w The multiplicity of a line bundle ( of order oj is 

<5 4 { A/u\ (d v /5 + d w /5 



—y 



d v + d w ^ A 2 \ 5 J V d v /5 

o\ A 

Example 7. When (d Vj d w ) = 1, we obtain A = 1, hence we expect 

E(«,«;) = 0W(P(t; J «j)) 1 
where the number of summands equals d ^ d 
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Example 8. We consider the case k = 0. We have ^f v = (— x, r ) so 

Ker = A[~x] x A[r]. 

Writing 

(k', X ) = a, (k',r) = b, 

we noted in Example [5] that 

W(P(u, w)) = W_ x * H W f r _y ® p"\ 

Then it is clear that 



= A 




X 


x A 


T" 






a. 




.6. 




X 


A[b). 





Therefore 

C 

There are precisely (afr) 4 possible torsion points in Q V:W . For each element £ £ A [a] x.A[&], 
any choice of £ € A x A such that 

gives a well-defined element of Q vw . The conjecture claims that 

E(v,w) =0W(P(ii,w)) ®* m <. 
C 

The line bundle £ of order w dividing (a, 6) should appear with multiplicity 

1 ^ 5 A fafc/wl /d v /S + d w /S\ 
mw "4 + 4f-W M J\ 4/5 A 

o|ao 

□ 

The symmetry of the multiplicities under exchange of v and w in the expression above 
is obvious. This has the following consequence: 

Lemma 13. Conjecture^ implies that 

E(v,w) v E(w^v), 

Proof. Fix ( G Q V)W of order dividing uj. We consider a summand W(P(u,u>)) ® £ 
appearing in the conjectured expression of the Verlinde bundle E(v,w). We calculate 
the Fourier-Mukai dual 

R5(W(P(«,u;))®0 =^W(P^Tu;)) = i£ W(P(w, u)) v . 

Writing 
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the above expression becomes 



4, c ,w(P(^,t;)) v = (w(P( w ,,))®^ PM (C; 



v 



via equation (|15p . We observe that ^d^p, -i(C') 

is an clement of v . Indeed, an easy 

A >{ w > v ) 

calculation gives 

Note that since ^-{ujC,') = 0, by Lemma [5] we have 

%P M K')es(w(P( w ,,)). 

Hence &dwpt,„ „i(C') nas order dividing u in Q w „. Thus, every summand appearing in 

E(v, w) gives rise to a corresponding summand in E(u), u) and the multiplicities match 
as well. □ 

4.4. Invariance under twists. In this subsection we provide a simple check of Con- 
jecture [2J In our context, various moduli spaces of sheaves can be related by simple 
isomorphisms. For instance, we may twist by arbitrary line bundles to change the de- 
terminant: 

i : Wl v -> Wl vo , E^E®Q- £ 

where 

vq = v exp(— IQ). 



Clearly, for the Mukai vector 



we obtain 



wq = w exp(£©) 



We show that 

Lemma 14. // Conjecture\^is true for the pair (v,w), then it is true for the pair (vq, wq). 
Proof We let 

a : m vo -> A x A, E i-> (det KS{E) ® e rf ~ fe , det £ <g> G rf - fe ) 
be the Albanese map. We show 
(16) Qo o i = p M o a 

where M is the matrix 



M 



1 -I 
1 
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so that 

Pm(x,v) = (x- S(y),y). 
Indeed, we only need to prove that 



detKS(E (g)Q- 



detKS(E) <g> 9 



-rl 



V 



£$(det_B®G- fc )' 



This identity will be established by the methods of Section 2. First, for a sheaf E of 
rank r and first Chern class k®, set 



f(E) = det~RS(E®Q 



det KS(E) ® 6 



-rl 



V 



-M>(det E®Q~ h y 



We show f(E) = O. As usual, / depends only on the .fT-theory class of E. We may 
assume that E = O y or E is a line bundle. Note that 

f(O y ) = O, f(Q k ) = O. 

For an arbitrary line bundle E, the proof follows. Indeed, it suffices to observe that for 
any y of degree we have 



f(E ®y) = det RS(E ®y® Q~ e ) v <g> ( det KS(E ®y)®& 



-rl 



V 



l^{Ae\,E®ry®@- h ) 



t* det [RS(E® Q~ l ) 



tldet~RS(E)®@- rl 
= W E )- 



' ^ -l${det E®e~ k ) ® ^ y -rl$(y) 



With (fTpjl understood, note that 

PmE(v ,w ) = E(v,w). 

We confirm the expression of Conjecture [2] obeys the same equality. It suffices to show 
that 

(i) p* M W(P(v ,w )) =W(P(v,w)) 

(ii) p* M : Qv ,w — > Qv,w is an isomorphism. 
These two statements are equivalent to the assertions 

(i) p* M P(v ,w ) = P(v,w) 

(ii) Vl/„ o pi = PM for the matrix L 



1 

i 1 



which are immediate verifications. For instance, (i) uses the matrix of the pullback p* M 

10 



which was calculated to be 



1 



-11 



1 



□ 
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5. The Verlinde bundles in degree 

This section contains the proof of the main results. In particular, we confirm Conjec- 
ture [2] in degree in Theorem [3l The main step is the Lefschetz-Riemann-Roch trace 
calculation of Theorem [2j We also prove the Fourier-Mukai symmetries of the Verlinde 
bundles in Theorem [U Variants of these results are also considered. 

5.1. Setup. We specialize to the case c\[y) = i.e. we assume 

v = (r, 0, x), w = (rh, k@, -\h) 

with r, x odd, and (r, %) = 1. The integers (rh,k,—xh) were previously denoted 
(r', k', x'), but the new notation should make the exposition easier to follow. 
The usual etale diagram 



K, 



Ax A- 

p 

A xA — 



9JL 



Ax A 



takes a simpler form. In particular, 

®(x,y) = (~XX, ry). 
In Subsection 12.31 we calculated the pullback 



e 



-x 



(17) r^e, 
Consequently, we have 

(18) ^B(v, w) = p*T*Q w = H°(K V , Q w ) ® (e~ x M Q~ 
5.2. Group actions. We consider actions of the torsion group 

G = A[-x\ x A[r] 

on the three spaces K v , A x A and appearing in the diagram. The action of G on 
A x A is given by translation on both factors, the action on is trivial, while the 
action on K v is given by 

{x,y)-E = t i L x E®y- 1 . 

There are induced actions of a subgroup K of G on the theta bundles, which we now 
describe. Writing 

a = gcd(fc,x), b = gcd(fc,r), 

we conclude that 

gcd(a, b) = 1 and a, b are odd. 
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We set 

K = A[a] x A[b] ^ G. 

The morphisms r and are invariant under the action of G, hence also under the action 
of K. The bundles t*@ w and ty*V are naturally K-equivariant. We claim that 

Q w -> K v 

is K-equivariant as well. 

Certainly, 0~* k M Q~ rk carries a linearization of the Heisenberg group 

H = H[- X k] x H[rk] 

where 

O^CxCMH^ A[- X k] x A[rk] -> 0. 

Our convention is that H[m] denotes the Heisenberg group of B m consisting of pairs 
(x, f) where 

/ : t%Q m -»• 6 m 

is an isomorphism, while H[n] denotes the Heisenberg group of 0™. We have a natural 
morphism 

i : H[a] x H[6] -> H 

which over the centers restricts to 

It is now useful to pass to the finite Heisenberg groups H obtained by restricting the 
centers to roots of unity. For instance 

->• li- x k x Hrk -> H -> A[— x&] x ^4[rfc] ->■ 0, 

and similarly 

-> /x a -> H[o] -> A[a] -> 0, -> // 6 -> H[6] -> A[6] -»■ 0. 
Since the center of H[a] x H[6] is trivial under t, we obtain a morphism 

j : A[a] x A[6] -»■ H. 
Furthermore, since a, b are odd, the identification 

Q-* k B e- rk (a, by (e^ m e - ^) 

is compatible with the action of the group 

K = A[a] x A[b] 
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coming from j on the left, and via the pullback on the right. Using (|17h . and the natural 
K-action on line bundles t*O w and ^*V, we obtain a K-linearization of 

Q w ->■ K v . 

5.3. Trace calculations. As a result of the above discussion, the space of generalized 
theta functions 

H°(K V ,G W ) 

carries a K-action as well. We will determine the K-representation H°(K V , Q w ) explicitly, 
assuming that (A. 2) — (A. 3) are satisfied. 

Theorem 2. Consider £ = (x,y) £ A[a] x A[b] of order 5. Then the trace of £ on the 
space of generalized theta functions equals 

rp fy ttO ( jy~ r\ \\ fd v /S + d w /S^ 

Trace ((, H V (K V ,Q W )) ~ 



d v + d w \ d v /5 

Proof. The proof is an application of the Lefschetz-Riemann-Roch theorem, as in [02] . 
The numerical details are however very different. 

Step 1. We first find the fixed points of the action of 

t*_ x E ^E®y-\ E e K v . 

Possibly replacing a and b by some of their divisors, we may assume that the order of 
x is a and the order of y is b. Of course 

a \ x, b\r gcd(a, b) = 1. 

We have 5 = ab. 
Now, 

t^E^E^y' 1 t* ax E^E®y a E^E®y a . 

Since the order of y is coprime to a, we obtain 

E = E <g> y and consequently t x E = E. 
Consider the abelian cover 

p : A -> A" = A/{x). 

The Galois group G of the cover is generated by translations by x. Let G be the dual 
group, and pick a generator x" of G. This corresponds to a line bundle x" — > A" of order 
a which determines the cover p. Then 

E = p*E" 
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for some sheaf E" on A" with 

rank E" = r, X (E") = -. 

a 

We have 

p*E" =E^E®y= p*(E" <g> y") 

where 

y = p*y"- 

Therefore, 

E" =E® y" <g> a'" 
for some I. Replacing y" by y" (g) x"^ we may assume 

£" = E 1 " ® y". 

Note that 

y =p y = 1 => =1. 

Therefore, the order A of y" satisfies A|a6. We will show shortly that in fact A = b. 
Now, let 

vr : A' -»• A" 

be the cover determined by y" which has degree A. Let G' denote the Galois group of 
the cover, and let G' be the dual group which is generated by y" . The following facts 
were established in [NRj for arbitrary abelian covers: 

(i) if E" Qi E" ® y", then E" is the pushforward of a sheaf £" — >• ^4': 

E = n+E 1 

(ii) 7T*£^ = 7r*^ iff = /3^2 for some /? € G" 
(iii) 

ttV*^ = (g) 

/3eG' 

(iv) the action of y" € G" on ^ir+E' leaves each of the factors f3*E' invariant. The 
weight of the action on each factor equals (y",/3). 

We conclude 

E" = TT+E' 

where 

rank E' = L x (£') = X {E") = £ 
A a 

In particular, A\r hence A is coprime to a. Thus A divides b. On the other hand, 

y"A = 1 ^ y A =pV /A = 1 ^ 6|A> 
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Hence A = b. Now, the preimage of y under p contains at most one element of order b 
since the preimage of contains at most one such element. Indeed, p _1 (0) consists only 
in multiples of x" which all have order a. This fixes y" and therefore the maps tt and p 
uniquely. Furthermore 

E = p*tt*E', rank E' = X {E') = -. 

b a 

We claim that there are (ab) 3 fixed loci all isomorphic to K v i(A') for 

This accounts for determinant requirements and possible repetitions. Precisely, we have 
detE = p*det7r*£' = O => detyr^' G (x"). 

Writing 

det E' = tt*M" 

we obtain 

vr* det E' = det tt^M" = det ^0 M" ® y"- 7 ' j = M" 6 G (x") M" G (x") + 

because the order of x" is a which is coprime to b. Thus 

det£' G tt*(s") +7T*A"[6]. 

There are a& 3 choices for the determinant of E', since the torsion point y" G A" [b] pulls 
back trivially to A'. The calculation of the Fourier-Mukai determinant is similar. We 
have 

detE = det p*9* E' = O. 

Write 

n* det E' =p*M 

and observe that this gives 

det&p*M = M a = O => M G A[a]. 

This gives a 3 options for p*M since x G A [a] pulls back trivially. Finally, this identifies 
detE' up to the 6 elements in the kernel of tt: 

7r(det£') = p(M) G p{A[a\) => detE' G 7r _1 (p(A[a])). 

We obtain (ab 3 )(a 3 b) fixed loci. However, this answer does not account for repetitions. 
We observe that 

P*TT*E[ = p*TT*E' 2 TT*E[ = TT+E' 2 ® x"" E[ = 0* E' 2 ® 7T*x" Q , /3 G G'. 
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This leaves only (a&) 3 fixed loci. Indeed, via the above equivalence we only obtain 6 3 
choices for the determinant, if we require 

detE' e ir*A"[b]. 

Similarly, the determinant of the Fourier-Mukai dual can be fixed in a 3 ways. It is easy 
to see there are no other repetitions. 

Step 2. We apply the Lefschetz-Riemann-Roch theorem to calculate the trace in the 
theorem by summing the contributions from the fixed loci K V /(A ; ). We obtain 

Trace(C, F°(i^,e w )) = (abf [ Todd {K V ,(A')) -i*c\iz{Q w )(0 J[ (ch_ (c - ^A^)" 1 . 

Here Z is the cyclic group generated by (. The notation we used is as follows: 

i*ch z (Q w ) € H Z {K V ,{A')) = Rep(Z) ® H*(K V ,(A')) 
is the restriction of the equivariant Chern character via inclusion 

i : K v i — > K v , 

followed by the evaluation against ( G Z in the representation ring. The normal bundle 
of the inclusion i splits into eigenbundles N z indexed by elements in the character group 
z G Z. Finally, we write 

ch t (N) = H(l + te x >) 

for any bundle N with Chern roots xi,...,xg. The prefactor (a6) 3 comes from the fact 
that all fixed loci will have identical trace contributions. 

Step 3. We evaluate the integral above explicitly. We begin by computing the normal 
bundles N z in the expression above. We will compute the eigenvalues of the action of (" 
on TeK v . We first consider the similar action on TeTX v and use the morphism 

a : Wl v ->■ A x A 

to find the eigenvalues on the fiber. 

The tangent space to Wl v at a fixed point E is 

T E M V = Ext 1 (E,E) = Ext 1 (p*TT^E',p*TT^E') = Ext^vr*^', tt+E' <g> p+O) 

a— 1 a— 1 

= Ext V*£', k*E' ® x" a ) = Ext^Tr*^, ME' ® n*x" a )) 

a=0 a=0 
a— 1 a— 1 

= Ext^TrV^', E' ® ^x" a ) = 00 Ext 1 ^*^', E' ® 7r*x //Q ). 

a=0 a=0 /3eG' 
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We claim that 

T atP = Ext 1 {pE',E' ®x" a ) 

are the isotypical components of the tangent space. Indeed, by (iv) in Step 1, y acts on 
each summand via the root of unity {f3, y) of order b. The action of x also leaves the 
subspace invariant, and the action has weight (x, x" a ) which is root of unity of order a. 
As a, (3 vary, we obtain all the (aft)-roots of unity as eigenvalues. 

We calculate the Chern roots of the eigenbundles T a a. Clearly, by Hirzebruch- 
Riemann-Roch, the Chern character of the virtual bundles 

2 

^2(-l) i Ext i (p k E', E' <g> ttV /q ) 
i=0 

must stay constant as (3 and n*x" a vary in the abelian variety A'. Furthermore, for a, (3 
not both trivial we have 

Ext°(/3*£', E' ® 7rV ,a ) = Ext 2 (/3*£', E' ® ttV /q ) = 

while for trivial a and f3 the two dimensions are 1, by stability of E' . Indeed, for 
nontrivial (a, (3), we calculate by duality 

Ext 2 (/?*£', E' vrV to ) = Ext°(£' / ® vrV to , = Ext°((/T Y^', E' 7rV'- Q ) 

so it suffices to prove the statement about Ext . This is immediate since any non-zero 
morphism 

(3* E' -+ E' ® 7r*x" a 
is an isomorphism inducing a map 

Comparing determinants, we must have x" ar = ==> x" a = since (r, a) = 1. 
Therefore, a = 0. Now, using the isomorphism 

and letting 

g : A ' -> A'/<0> 

be the projection determined by /3, we obtain that -E' is a pullback from the quotient. 
Evaluating Euler characteristics, we obtain that x(i£") = ^ is divisible by the order of 
f3. But ord(/3)|6 and (b, x) = 1; hence ord(/3) = 1 and (3 = 1. 
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We are now in the position to calculate the normal bundles N z . Each isotypical com- 
ponent corresponds to a nontrivial pair (a, j3). Each isotypical component has dimension 
:= £ + 2. We just argued the Chern roots are 

0,0, xi, ...,xi, 

with Xi the roots of the tangent bundle of K v i(A'). The trivial weights come from the 
base of the Albanese map. 

Step 4- With this understood, we calculate 

-l 

-<c-v>- 2 1 =n( i -o- 2 n(i-ee--)- i =^n T 1 " e " 

/ £^1 i=l i=l 

where £ = (C _1 ) z ) runs through the non-trivial (5-roots of 1. 
We now claim that 

<Z W "> — V w i, 

where the last bundle carries a trivial Z- linearization. Indeed, let 0" — > A" be the 
polarization such that 

p*Q" = O a x(©") = a. 

Also, write 9' = ir*Q" , hence = a>b- We introduce the Mukai vectors 



-Sxi 



W 



W 



r', -9", — ) over A", and 
a a 



— , —9 , — I over A . 
o ao a 



Observe that 



These equalities imply 



p it; = w, ir w = bw . 



giving the claim. Here, we factored i = i\ o i 2 where 

are induced by pullback by p and pushforward by it. Finally, the equivariant identification 
is implied by the discussion ending Subsection 15.21 
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We calculate 



i t _ 

Trace((,H (K v ,@ w )) = 5 3 I f[ —3-^ f[ ] " e J* • 1 ■ ch(6* ,) 

JK.AA') 1~ i 1 - e 2 J--M_ e ox, o 



"W)i=l- - i=l 
«5 X (^,e to o = ^- 4 {l}r ' + d " 



d v > + (iu,/ y d v i 

The last line follows from the backward application of Hirzebruch-Riemann-Roch. The 
proof is completed by observing that 

d v d u 



d v i = — and d w > = — . 
o o 



□ 



Example 9. Stronger statements in rank 1. We note now that in rank 1 we may remove 
assumption (A. 3). Assume that 

v = (l,0,—n), w = (l,k@,n). 

In this i is the generalized Kummer variety, and we have a morphism 

t : K n _i x A -> A [n \ (Z, a) -»• t*Z. 

By Example [H we have 

V / [n] 

The theorem establishes that 

f>l)*Trace ( C ,iT (i^, (e*) w )) = g(^). 

We show that assumption (A. 3) about vanishing of higher cohomology is satisfied for 
A; > 1. We remarked in Example [2] that 

e k ) -> ^ [n] 



has no higher cohomology [Scj. We claim the analogous vanishing over K n _\. Indeed, 
note that by the see-saw theorem 

t*(e k ) [n] = (@ k ) [n] me kn . 

Letting the group A[n] act on K n ^\ x A by translations, and on A^ trivially, the 
morphism t becomes A[n]-equivariant. Taking cohomology, we obtain 

(H\K n ^,(Q k ) [n] ) ® H°(A,e kn )) Aln] = H\AW, (&%])■ 
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Now, when gcd(fc, n) = h, so that 

k = hk, n = hn, 

the Heisenberg group H[n] has exactly /i 4 irreducible representations S^, 1 < £ < /i 4 , such 
that the center acts with weight k. Each such representation has dimension n 2 [SchJ. 
Crucially, we have the decomposition 

h 4 

H°(A,e kn ) = 0s f ®c p . 
l=\ 

This can be checked by matching the characters of both sides, for instance using the 
trace formulas in |Ulj and [Sch| respectively. Since the weight of the Heisenberg center 
on H l (K n _i, (0 fc )[ n ]) is —k, equivariantly we have 

h 4 

^(iir n _ 1 ,(e fc ) w ) = 0sy®c^, 

for some nonnegative integers a,£. Thus 

h 4 h 4 
W(AW, (9 fc ) w ) = (Sj S/) AW ® & 2ae = & 2ai = 0. 
j,i=i i=\ 

Therefore ag = 0, which gives 

H\K n ^,(e k ) [n] ) = 0. 
The precise statement we just proved is 

Corollary 3. When rank (v) = rank (u>) = 1, Theorem [D is true only under the as- 
sumptions 

(A) ci(v <S> w) > and (d v ,d w ) are odd positive integers. 
The same argument applies to rank v = 1 and rank w = 0. 

Example 10. New examples from Fourier-Mukai symmetries. We discuss more exam- 
ples for which the hypotheses of Theorem [2] can be weakened. These are obtained by 
applying the Fourier-Mukai functor. 

(i) Let 

v = (r, 0, —1), w = (r, kQ, 1). 
Then, any sheaf of type v was shown by Mukai [Ml] to take the form 

E = A(RS(I z ®Va))[-l] 
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for a £ A and Z C A, with A denoting the dualization. The requirement that 
E G K v simply means that 

a{Z) = 0, a = 0. 

Therefore, we have 

K v ^K r ^(A), 
and Q w = Q^iyp is associated to the locus 
h°(E® (-1)*F) = h°(A(RS(I z ))[-l] ® (-1)*^) = Ext°(RS(/ z )[l],RSoRS(F)[2]) 
= Ext 1 (I z ,R5(F)) = Ext 1 (R5(F),/ z ) v / 0. 
Letting u) v denote the type of A o R5(F) i.e. w v = (1, — kQ,r), we obtain that 

W corresponds to ( Q~ k ) over i^ r _i(A) and the preceding argument applies. 
V / [ r ] 

Therefore, the trace calculation of Theorem[2]is valid in this case as well provided 
v = (r, 0, — 1), w = (r, kQ, 1), ci (u (8) > 0, are odd. 

(ii) Similarly, for the vectors 

v = (r,6,-l), w = (r',k'e,-l), 

with 2k' = r + r', we have 

J B = RS(/ Z (»e- 1 )[l] 

for length (Z) = r + 1, [Ml]. Under the isomorphism K v = K r (A) the line 
bundle @ w corresponds to ( 0~ fc _1 ) . The argument above applies, yielding 

V /[r+l] 
Theorem [2] only under the assumptions 

v = (r, 6,— 1), u; = (/, A/6, — 1), (c?„, c?^) odd. 

(iii) Another set of vectors satisfying our requirements are 

v = (r,e,-l), w = (2,0,0). 
The reasoning is as in (ii). 

Remark 4. Let us illustrate our trace calculations with a different torsion action on 
K v . Assume (r, k) = 1 and let 

a = gcd(ci(-u <g> w),d v ). 
We let a-torsion points x € A act via 

t* x E <g> ®(-kx). 

This action preserves K v and, as we will see below, the bundle Q w . 



52 



DRAGOS OPREA 



Lemma 15. The trace of any a-torsion point x G A of order exactly 5, acting by trans- 
lation on K v , equals 

Trace (x,H°(K v ,Q w ))- d ' ^' + ^ 



d v + d w \ d v /5 

Proof. For further use, we will prove a slightly more general result. Let h = (r, k) and 
write 

r = hf, k = hk, a= !^lM. 

h 

We will assume (r,a) = 1. Consider the morphism 

: K v x A -> 97t+, $ + (F, x) = 4-F ® $(-fcx) 

such that its projection onto A equals v I /+ (x) = ^-x, see jMO| . We let the group G of 
^■-torsion points of A act on K v via 

E -)• t*_^.E <S> $(kx). 



The same group acts on A by translation, and on 97t + trivially, so that $ + is G-invariant. 
We have 

where 

£+ = det Rp, f (m o (1, f))*F ® m*e~ S 8) g*(6 S ® F)' ~ 



Here 

m: Axi-fi 

is the addition, p, q are the projections, E £ K v and F G 971+ . In [MO], we calculated 

for i = rk' + r'fc. Arguments similar to those in Section 2 establish the stronger claim 

£+ = 0-sr. 



Since 0"^" is equivariant for the group A [a], the theta bundle Q w — > K v is A[a]- 
equivariant. 

We calculate the trace of an element x G .A [a] over the space H°(K V , Q w ) via Lefschetz- 
Riemann-Roch. First, we find the fixed points of the action 

t* fx E ® $(fcx) F. 

We let 

f = f ® e* 
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where r £ + k = mod a. We may pick such an £ since (a, r) = 1. Therefore, we obtain 

t% x F^F =^ t* x F^F 

using again (a, r) = 1. Hence, 

F = tt*E' E = tt*E' 

where 

vr : A -> A' 

is the quotient by x. We let x' be the degree 5 line bundle over A' determining the cover. 
We fix 0' such that tt*Q' = Q s . The requirement that E have fixed determinant gives 

detE' = @' {k+ ^l\ 

possibly after tensor ing by powers of x' . We have 

det E = det ILS(ir*E' <g> Q~ e ) = det RS(ir*E') ® 9" rf = 9 fe => det ^RS(E') = Q r£+k . 
This implies 

detKS(E') = Q'^+ k )/ & +9*A[8]. 
We obtain 5 3 options for the fixed loci, all isomorphic to K V /(A') where 

« =[r,—e, - 5 J => d v , = -. 

We imitate the argument in Theorem [2j First, the normal bundles to the fixed loci have 
weights corresponding to non-trivial roots of 1 of order 6, while the Chern roots of each 
isotypical component are 

0,0, xi, ...,x e , 

with xi, . . . ,X£ being the roots for K v i(A'). The bundle @ v over K v i{A') equals Q^, for 

w=(r,^—Q, j =► d w = T . 

The intersection calculation is now identical to that in Theorem [2j □ 

Remark 5. The same methods can be used for other torsion actions on the moduli 
spaces and 9Jt~. We leave a more complete study for future work. 
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5.4. The calculation of the Verlinde bundles. We are now in the position to confirm 
Conjecture [2] in degree 0, continuing to assume (A. 2) — (A. 3). We prove 

Theorem 3. We have 



\ a ' a b ' b J 



C 

The line bundles (4ixA have order dividing (a, b). An element £ of order exactly u 
comes with multiplicity 



I ^ 5 A fab/u^ fd v /5 + d w /5 
mc "rf~T4f-Wl~J I d v /5 

o\ab 



Recall that in the above, for each line bundle Q of order (a, b) over A x A, we fix a 
root i such that 

Each t corresponds to a character of A[— x] x A[r] which is uniquely defined only up to 
characters of A[— x/ a ] x A[r/b\. 



Proof. The proof of the theorem follows the strategy laid out in [02] . We give the 
relevant details here. First, we observed in (|18j) that 

(-X, r)*E0, w) = H°(K V ,Q W ) ® (6~ x ® e~ r ) k ® ((-X, r)*P~' 1 ) . 

This identifies E(v,w) up to torsion (— x,r)-line bundles. In [02J we observed the fol- 
lowing equivariant identifications 

a ' a 

and 

r*W[ ^ K = (&'Y MR 2 

b< b \ ' 

for i?i a representation of H[— %] of dimension (x/o) 2 and central weight —k, while i?2 
is a representation of H[r] of dimension (r/6) 2 and central weight k. Therefore, 

(-X, rf ( w_ x * h w f r fc j = (e~ x h e~ r ) k m r 

\ a ' a b> b J ^ ' 

where 

is the product representation of H[— x] x H[r]. It suffices to explain that H[— x] x H[r]- 
equivariantly we have 

(19) F°(ir„,e w ) = i?®0r< 

c 
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where i runs over the characters of A[— x] x A[r] modulo those which restrict trivially 
to the subgroup A [— x/ a \ x A[r/b]. 

We make use of the morphism of Theta groups 

H[a] x H[6] -> H[- x ] x H[r] 

which restricts to 

(a.fl-Ka-*/ ,^/*) 

over the center 

C*xC^ H[a] x H[6]. 

Furthermore, passing to the finite Heisenberg, two H[— x] x H[r]-modules with the central 
weight (—k, k) are isomorphic if and only if they are isomorphic as representations of the 
abelian group A[a] x A[b], see |Q2| .Therefore, it suffices to establish the identification 
(|19p equivariantly for the action of A[a] x A[b] on both sides. 

Crucially, it was explained in Section 3.2 of |Q1| that R± and R2 are the trivial 
representations of A[a] and A[b]. For £ of order exactly u> dividing (a, b), we compute 

1 1 



ITV 



dim« aV fc'-lta (*, *"(*., 6.)) 

tt6A[o]xA[6] 



1 ^ 1 fd v /5 + d w /S 



a 2 b 2 f-^ d v + d w \ d v /5 



5 ) f E 

7 \ord (tt)=5 / 



The proof is completed by Lemma 4 of [Ulj which gives the sum 

ord (tt)=«5 L J 

Example 11. i?anfe 1. Again, in rank 1, we can remove assumption (A. 3). Let 

v = (1,0, — n), w = (l,k@,n) 
with n odd. Then, by Example HJ we have 

Wl v ^ A [n] xA,a = (-a,l), 

and 

e w = (e k ) [n] MQ- k ®(a,iyv. 

Therefore, 

(20) E(v,w) = a J(e k ) ln] )Me- k ®v-\ 



□ 
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Theorem [2] is equivalent to 



c 



where ( are line bundles over A of order w dividing a = gcd(n, k), £ is a root of C of 
order ^ a nd 



In the light of Corollary O the requirements needed for this to hold are: 

Corollary 4. Conjecture [H is true assuming only that 

(A) rank (v) = rank (w) = 1, c\(v®w) > 0, and (d v ,d w ) are odd integers. 

5.5. Fourier-Mukai symmetries. We can now prove the Fourier-Mukai comparison, 
which may be seen as evidence for the strange duality conjecture for abelian surfaces. 
We establish: 

Theorem 4. When c\{v) and c\{w) are divisible by the ranks r and r' , we have 

B(v,w) v ^ E(uv«). 

Proof. The proof is immediate. We showed in Lemma [13] that the theorem is implied 
by Conjecture EJ However, we already proved the Conjecture under our assumptions. 
Indeed, Theorem [3] takes care of the degree case. We reduce to degree after tensoring 
by line bundles, which is possible since c\ is divisible by the rank. The conjecture is still 
true by Lemma Q31 □ 

In general, the theorem assumes that (A.l) — (A. 3) are satisfied. However, in rank 1, 
these assumptions are not necessary. Indeed, Corollary H] gives: 

Corollary 5. Theorem^holds when 

(A) rank{v) = rank (w) = 1, c\{v <g> w) > 0, and (d v ,d w ) are odd integers. 

5.6. Variants. For arbitrary vectors 



m 



1 

¥ 




v = (r,kQ,x), w = (r',k'Q,x') 



we may also pushforward the theta bundles via the morphisms 



a + : £01+ -»• A, a' : £DT~ -> A. 



This paper does not investigate the Verlinde bundles 



E + (v, w) = at© w , E (v,w) 



w 
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in much detail, leaving a thorougher study to the interested reader. However, we will 
briefly consider two representative cases: 

(i) ci(v) is divisible by the rank r; 

(ii) c\(v) is coprime to the rank r. 

In both cases, we write c\(v ® w) = t@, so that t = rk' + r'k, and set 

(r, k) = h, (t, d v ) = ha. 

For each line bundle £ over A, we pick a root I such that 

do, 



ha ^ 



Theorem 3+. We have 



ha ' ha 



XTie /me bundles (, £L A have order dividing a. An element £ o/ order exactly u comes 
with multiplicity 



m (ha) 2 y^^V («M (d v /8 + d w /8 
™ ( d v + d w ^\a) \ S J V 4/<5 

o a 



Proof. In case (i), we can prove this statement using the calculation of the bundles 
E(u, w) in Theorem [3l by restriction and simple combinatorial manipulations. A direct 
proof, which works for (i) and (ii) simultaneously, uses the diagram 



K v xA — 9JT+ 



v 

A *■ A 



where 

t + (E,x) = t* fx E® $(-fcr), tf + (x) = -^x. 
Here we wrote r = hf and = /i/c. We observed in Lemma [TJ] that 

(r+)*e m = e w §e^. 

Therefore, 

(^ + Yb + (v,w) ^ H°(K v ,e w )m@i&. 

Since 



d v \ „ T _ , ^^2j* 

dy t 

ha ' /la 
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for a representation R\ of the Heisenberg group H [%■] of dimension (d v /ha) 2 , we con- 
clude 

E+ (v,w) =Wi 8 0fc 

where the multiplicities m^" of the characters of order dividing a are found via the trace 
calculation of Lemma [15j Note that the proof of the Lemma applies to both cases (i) 
and (ii) since (r, a) = 1. □ 

Remark 6. The Verlinde bundles ~E + (v,w) and E + (w,v) should also be related by 
Fourier-Mukai symmetries. For instance, we expect that 

(21) r'*E+(^w) ^ r*E+(^) V <g> detR5(det(w <g> to)). 

To support this claim, consider the defining equation of the theta locus 

6 = {(E, F, y) : h°(E ®F®y)^0}^m+xM+xA. 

Corollary Q] and the see-saw principle are used to show that corresponds to the line 
bundle 

9 w me v m (det RS(det(t> <g> w))) v <8> (a, ifv 

where 

a : 9Jt+ x 9Jt+ — > A, a = —r'a^ — ra+. 
The pushforward of the theta section via the projection 

SER+ x 9H+ x A -> A 

gives a morphism between the bundles in (|2ip . Indeed, an intermediate pushforward via 

(a v ,a w , 1) : x xA-^x^xA 
yields a section of the bundle 

E(v, w) B E(w, v) B (det R5(det(« ® w))) v ® (m, 1)*7> 

where 

m : i x i i, m(a, a') = — r'a — ra . 



A further pushforward to A gives the morphism (|2ip . which should conjecturally be an 
isomorphism. Its fiber over the origin agrees with the strange duality map of [MO : 

SD+ : tf°(SDt+ e w ) v 6 tI ), 

which would consequently also be an isomorphism. 

It should be possible to check that the bundles in (|21 j) are abstractly isomorphic via 
Conjecture [2j We present below an argument independent of the conjecture when either 
(i) or (ii) is satisfied. 
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Theorem 4. (+)(i) When c\{v) and c\(w) are divisible by the ranks r and r' , and the 
slope 

H(v) +n{w) =p&, 

we have 

E+(v^w) E%!)) V ® e p . 

Proof. Write 

v = {r,rqO,x), w = (r',r's&,x') 

so that by orthogonality 

Irr'qs = —r\' — r'x r \ r> and r'\r ==>• r = r . 

Therefore 

X + x' = ~2rqs. 

We have 

d v o d w o / dv d w . ,o 
— =rq -x, — =rs ~x => 1 = r(q + s) . 

We note 

a = gcd ^— , rs + rq^j = gcd ^— , rq + rs^j . 

Theorem 3+ yields 



ra> a \ a > ra / 



c 

This uses the fact established in [02J that 
On the other hand, 

B+(w,v) =W dw rM 8$K 

ra ' a 

where 

^/ = -C = -— 1 

ra ra 

We claim that 

a ' ra a ' ra 

Indeed, more generally, changing notation slightly, for any integers a, b, c such that a\b+c 
and £, £' such that 

W = -ct 

we have 
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To see this, we note that in [02] . we established the isomorphism 

rt, 5 = Wl >b ® a b . 

Write 

I = act, £' = act ==> a(ba + cot) = ==> ba + ca € S^W^ b ) = A[a\. 
We compute 

Reverting to the proof, we immediately obtain 

^ \ a 1 ra / C ' ra 



+ 



□ 

Remark 7. The theorem can be more elegantly rephrased in terms of the modified 
Verlinde bundles 

F + (v,w) = E+(^w)®e-^ v \ 

We have the symmetry: 

F + (v,w) = F + (w,v) v . 
Theorem 4. (+)(ii) Assume (k,r) = (k',r') = 1. Then the isomorphism 
r'*E+{^w) ^ r*E+0wTu) V ® det R5(det(w ® to)) 

holds. 

Proof. Note first that the conditions (r, k) = (r',k') = 1 and the orthogonality 2kk' = 
—rx' — r'x imply that (r, r') = 1. This in turn gives 

(r,i) = (r',i) = 1, 

for t = rk' + r'k. The equality 

(22) r' 2 ^ + r 2 d„, = t 2 

implies 

(du,,i) = (d v ,t) = a. 
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Theorem 3+ gives the expression of the Verlinde bundles 

C 

Here £ are a-torsion line bundle over A and — I = £. We have 



. V a' a / 

Write £ = 4 x so that = C, and calculate 



a ' a / \ a ' a 



rfl; \ + r' d v 



f tfW* ^)=r'*[W{ ilL ®x^)= W\ r , 2d < , ~ 



In a similar fashion, we obtain the pullback 

where ^f-y = (' and £' is an a-torsion point. We match the terms corresponding to pairs 
(C: CO where 

r(' + r'C, = 0, 
e.g. £ = rn, = —r'r] for n £ A [a]. Note that 

a ' a a ' a 

by comparing slopes via (|22j) and using the uniqueness of the semihomogeneous bundles. 
It remains to explain that 

J- r' d v J- —rd w 

W' , 2 , ®i a = W' ;2rf (g>y « , 

i r ,Zl d v t_ r'^d v a ' 

a ' a a ' a 

which is true provided 



-x H y 6 A 



a a 

This last claim is a direct verification. □ 
Corollary 6. When d v = 1 and (r',k') = 1, tae strange duality morphism 

is an isomorphism or zero. 

Proof. The proof is identical to that of Theorem [5j Strange duality 

r'*E+(^) ^ r*E+(uvu) <g> detR5(det(u ® it;)) 

is morphism of stable bundles, in fact both isomorphic to wj r , 2 , hence it must be either 
an isomorphism or zero. It suffices to take the fiber over the origin to conclude. □ 
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For the remaining bundles E~(v,w) we content to consider the case 

v = (r, 0, x), w = (rh, k, ~xh). 

Writing b = (r, k) , we have 
Theorem 3-. We have 

E~{v,w) =w\ _ k ®®r<. 

b ' b £ 

The line bundles ( £ A have order dividing 6, and I are choices of roots of £ of order | . 
An element ( of order exactly oj comes with multiplicity 

X 2 ^6Ub/u\ fd v /S + d w /S^ 



m 



c d„ + d w j-;b 1 \ S J V dv/6 

o\b 

Remark 8. When c\(v) and c\(w) are divisible by the Euler characteristics x an d x', 
writing 

n(RS(v)) + n(RS(w)) =pO, 

we have 

E^^w) ^ Fr^vf ® G p . 
Similarly, in full generality, we expect the isomorphism 

x'*E r (^u;) = x*^~Jw^v) V <g> detRS(det(£ <g> £))). 

Appendix: Torsion points on abelian varieties 

In this appendix, we collect elementary arithmetic results used repeatedly throughout 
the paper. We begin by proving: 

Lemma 16. Assume (a, b, c, d) are coprime integers with b 2 = ac mod d. We can find 
(to, n) coprime integers such that 

cm = bn mod d, bm = an mod d. 

Proof. We prove that to = (a, b, d)m' and n = (6, c, d) work for an appropriate choice of 
to'. We have 

cm = bn mod d c(a, b, d)m' = b(b, c, d) mod d 

c i = h mod d 

(b, c, d) (a, 5, d) (b, ac, d) 

Similarly, we have 

bm = an mod d -<==> 6(a, 6, d)m! = a(b, c, d) mod d 
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b . a d 
-m = - — : — - mod 



(b, c, d) (a, b, d) (b, ac, d) 

We can find B, C and D such that 

bB + cC + dD = (b,c,d). 

We let 

, bC + aB , d 
m = — — - — — mod 



(a, b, d) (b, ac, d) 

The condition b 2 = ac mod d is used to check that the pair (m, n) thus obtained satisfies 
both congruences. 

It suffices to show we can find m' such that (m 1 , (b,c,d)) = 1. This can be arranged 
provided 

' bC + aB _d \ 

(o,6,d)'(6,ac,d) A 7 
This is indeed the case, since if p is a prime dividing all three numbers above, we can 

find (3, 7, S > 1 such that 

p 7 ||c, p 5 ||ci. 

We must have (p, a) = 1 because gcd(a, b, c, d) = 1. Since 

p\bC + aB =^> p\aB 

Moreover 

J»| 77- jr 5>min(/3,7). 

(o, ac, a) 

Now, 

6 2 = ac mod d ^> p 5 |^ 2 — ac /3 < 7. 
Indeed, if /3 > 7, we have (5 > 7 + 1 and 2/3 > 7 + 1. But then p s does not divide 6 2 — ac. 
Thus 

5 > /3, 7 > /3. 

Finally, 

/||(6,c,d) = bB + cC + dD 

but the right hand side is divisible by p@ +l since c, d are, and B is divisible by p. This 
contradiction completes the proof. □ 

Lemma 17. Assume a, 6, c, d are integers such that 

b 2 = ac mod d, 

and 

/ , b 2 - ac\ 
gcd \a,c,d, — - — 1 = 1. 
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Then, we can find exactly d 4 pairs (x,y) E A[d] x A[d] such that 

ax = by, cy = bx. 

Proof. We prove the Lemma in several steps. Fix a, b, c. We let Sd be the set of solutions 
of the equations 

ax = by, bx = cy, dx = dy = 0, 

and let us write 

Sd = #<Sd- 

We show that 34 = dr. 

Step 1. We prove Sd is multiplicative. Assume d = d\d 2 with (di,d 2 ) = 1- Note that 

ac-b 2 \ ( , ac-b 2 \ 

a, c, d, — - — J = 1 ==> la, c, d;, — — — 1 = 1, 1 < 1 < 2. 

We claim that 

-)• S dl x 5 rf2 (x, y) -4 ((d 2 a;, d 2 y), (dix, d x y)) 
is a bijection. Indeed, if we pick A and -B such that 

Adi + Bd 2 = 1, 

an inverse is given by 

((z 1 ,wi),(z 2 ,w 2 )) -)• (-Bzi + Az 2 ,Bw 1 + Aw 2 ). 

We conclude that 

S'tep We prove the lemma when (a, 6, c, d) = 1. In fact, it suffices to assume d = p s 
for some prime p, by the step above. 
We pick m and n as in Lemma [TBI 

am = bn mod d, cn = 6m mod d. 

Since (m, n) = 1 then either 

(m,d) = 1 or (n,d) = 1. 
Without loss of generality assume the former case holds, and write 

x = mz, for z E A[d|. 
Set w = y — nz £ A[d\. Clearly, we have 

bw = b(y — nz) = by — amz = by — ax = 0, 
cw = c(y — nz) = cy — bmz = cy — bx = 0, 
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dw = 0. 

We conclude (6, c, d)w = 0. Now, the mapping 

A[d] x A[(b, c, d)] — > Sd, (z, w) — > (mz, nz + w) 
is surjective and its kernel consists in pairs (z, w) with 

mz = 0, nz + w = 0. 
Since (m, n) = 1, writing 1 = mA + nB, we have 

z = —Bw. 

Thus the kernel of the map is isomorphic to A[(b, c, d)], showing = d A . 

Step 3: Next we prove the statement when d = b 2 — ac. Set e = (a, 6, c) and write 

a = ea , 6 = e6', c = ec', (a', 6', c') = 1. 

We need to solve 

a'x — b'y = a, b'x — c'y = (3, 

where (a, (3) £ A[e] runs over all e 8 = e 4 • e 4 pairs of e-torsion points on A. 
We consider the morphism 

f : A x A -> A x A, 

given by 

f(x, y) = {a'x - b'y, b'x - c'y). 

By the previous step, we know the kernel of / has (a'c' —b' 2 ) 4 elements since (a', b' , d) = 1. 
Therefore, for each of the e 8 choices of pairs (a, (3), the equation 

f(x,y) = (a,/3) 

has (a'c' — b' 2 ) 4 solutions. We obtain 

e 8 (a'c' -b' 2 f = {ac-b 2 f = d A 

possibilities for (x,y). 

Step 4- We claim that for each d as in the statement of the lemma, we have 

s d < d\ 

By the first step, it suffices then to assume d = p 6 , for some prime p. We will induct 
on S, the base case S = being clear. Let 5 > 2, the case 5 = 1 being in fact simpler. 

We may assume p divides a, b, c since otherwise (a, b, c, d) = 1, a case which has already 
been discussed. Write 

a = pa' , b = pb', c = pc' 



66 DRAGOS OPREA 

and note that 

7i t2 2/ / / l/2\ . 5-2 1 / / z./2 

d\ac — o = p (a c — b ) => p |a c — b . 

Write d' = p 5 ~ 2 . Since (a, c, d, ac ~ d h2 ) = 1 we know that a'c' — 6' 2 is not divisible by p 5 ' 
In particular 

d'\a'c'-b' 2 , and (V, c', d' , — ~ - ) =1. 

Furthermore, 

(d,a / c'-6 /2 )=/- 2 = d / , 

so we can write 

d' = dU+ (b' 2 - a'c')V. 
For pairs (x, y) G 5^, we must have 

a'x = + a, fe'x = c'y + /?, dx = dy = 0, 
where (a,/3) G ^4[p] x In fact, we obtain 

{b' 2 - a'c')x = b'P - c'a, dx = => d'x = V{b'f3 - c'a). 

For each one of the p 4 ■ p 4 = p s pairs (a, (3), we have at most (d') 4 choices for (x, 
solving 

ax = b'y + a, b'x = c'y + f3, d'x = V(b'(3 — c'a), d'y = U(a'f3 — b'a). 
Indeed, if a solution (xo,yo) exists to begin with, then for all the other pairs we have 

(x - x ,y - y ) G S d >(a,b',c) 
which has at most (df) elements by induction. Therefore 

s d <p 8 d' 4 = d 4 , 

as claimed. 

Step 5. We can now prove that Sd = d 4 for all d as in the lemma. Write 

ac-b 2 =p^...p^q^...qf l , 

where the primes p±, . . . ,p r also divide (a, c). Now clearly d is product of p's and q 
but if pi divides d then in fact 

PT\d, 

by the gcd condition in the lemma. Thus we may write 

d = p® 1 ■ ■ ■ p^qj 1 ■ ■ ■ qj l , for s < r. 
We have already observed that 
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in the previous step. Also, 

by the fact that (a, c, qj x ) = 1 and Step 2. Thus by the first step 

Sac-b* = S p ^i ■ ■ ■ S p? r ■ Sq h ■ ■ ■ < (Pi 1 ■■■Pr r qi--- ^f') 4 = (oc - b 2 ) 4 . 

Since we proved in the third step that equality occurs, we conclude that 



V = Pi 



and similarly for the powers qj i . By the first step again, we must have Sd = d A . 
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